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Abstract
We address the question of interpolation of the virtual Compton scattering process off a polarized
nucleon target between the deeply virtual regime for the initial-state photon and its near on-shell
kinematics making use of the photon helicity-dependent Compton Form Factors (CFFs) as a
main ingredient of the formalism. The five-fold differential cross section1 for the reaction with all
possible polarization options for the lepton and nucleon spins is evaluated in terms of CFFs in
the rest reference frame of the initial-state nucleon. We suggest a rather simple parametrization
of the Compton hadronic tensor in terms of CFFs which are free from kinematical singularities
and are directly related, at large photon virtualities, to Generalized Parton Distributions. We
also provide a relation of our basis spanned by a minimal number of Dirac bilinears to the one
introduced by Tarrach for the parametrization of the virtual Compton tensor and utilize the
former to establish a set of equalities among our CFFs and Generalized Polarizabilities. As a
complementary result, we express Compton scattering in the Born approximation in terms of
CFFs as well.
Keywords: Compton Scattering, Compton Form Factors, Generalized Parton Distributions,
Generalized Polarizabilities
PACS numbers: 13.60.-r, 13.60.Fz, 24.85.+p, 14.20.Dh
1Cross section formulae are available in aMathematica code upon request, contact dieter.mueller@tp2.rub.de.
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Figure 1: The target rest frame, used in this work, is the same as adopted in our previous consideration
[1]. The z-axis is directed counter-along the photon three-momentum q1, the x-component of the
incoming electron momentum k is chosen to be positive. The angles parametrizing the five-fold cross
section (1) are defined as follows: φ is the azimuthal angle between the lepton plane and the recoiled
proton momentum, while the difference ϕ ≡ Φ − φ for fixed φ is determined by the direction of the
transverse nucleon polarization vector component S⊥ = (cos Φ, sinΦ).
1 Introduction
Virtual Compton scattering on a nucleon, γ∗(q1)N(p1)→ γ(q2)N(p2), plays a distinguished role
in the quest to access its internal content and unravel the mysteries of strong interactions. The
reason for this is multifold. Experimentally, the scattering process off a proton can be measured
in a straightforward fashion, free of complications of composite probes, via scattering of leptons
on a hydrogen target. The five-fold differential cross section for the emission of an on-shell photon
to the final state, ℓ(k)N(p1)→ ℓ(k′)N(p2)γ(q2), reads
dσ =
α3emxBy
2
16 π2Q4√1 + ǫ2
∣∣∣∣Te3
∣∣∣∣2 dxBdQ2d|t|dφdϕ , (1)
in the approximation that neglects the mass of the lepton. The phase space is parameterized
by the Bjorken variable xB = Q2/(2p1 · q1), which is in turn determined by the momentum
q1 = k − k′ of the initial-state photon of virtuality Q2 = −q21 , the square of the t-channel
momentum t = (p2 − p1)2, the azimuthal angle φ of the recoiled nucleon, and for a transversally
polarized target yet another (relative) angle ϕ, where the latter two are defined in the rest frame
of the target as depicted in Fig. 1. Finally, we introduce the variable y = p1 · q1/p1 · k for
the lepton energy loss and a shorthand nation for ǫ = 2xBM/Q that incorporates nonvanishing
target mass effects. In the above five-fold cross section, the leptoproduction amplitude T is a
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linear superposition of the Bethe-Heitler (BH) and virtual Compton scattering (VCS) amplitudes,
depending on whether the real photon is emitted off the lepton or nucleon, respectively. In the
scattering amplitude
T = T BH + T VCS , (2)
the former is determined in terms of the nucleon matrix element of the quark electromagnetic
current jµ
Jµ = 〈p2|jµ(0)|p1〉 , (3)
while the hadronic Compton tensor,
Tµν = i
∫
d4z e
i
2
(q1+q2)·z〈p2|T {jµ(z/2)jν(−z/2)} |p1〉 , (4)
encodes information on more intricate long-distance dynamics. This is the main observable for
our subsequent analysis.
The variation of the virtuality Q2 of the initial state photon allows one to probe a wide
range of distance scales, interpolating between short- and long-wave structures of the nucleon.
A number of observables are available to achieve this goal, all representing different facets of the
same reaction. For real to slightly virtual initial-state photon, produced as a bremsstrahlung off
the lepton beam, and low energy ω′ = q02 of the outgoing photon, the Compton amplitude admits
conventional multipole expansion with leading contributions defining the electric α and magnetic
β polarizabilities of the nucleon, see, e.g., Ref. [2] for a review. The latter characterize the linear
response of the nucleon to the electric and magnetic fields of the incoming photon which slightly
distorts the hadron and, as a consequence, induces (in the quasi-static approximation) nontrivial
electric d = αEin and magnetic µ = βBin dipole moments. The latter then interact with the
electromagnetic fields of the outgoing photon through multipole couplings d · Eout + µ · Bout.
The experimental values for the coefficients α and β are very small indicating that the nucleon is
a very rigid object allowing only for a very small deformation. Understanding of their magnitude
within effective field theories comes about as a result of a subtle cancelation of the pion cloud
and quark-core effects. For an off-shell initial-state photon with virtuality Q2 that scatters on a
polarized spin one-half target, one can introduce ten [3] generalized, — referring to the functional
dependence on Q2 rather than being mere numbers, — polarizabilities which reduce to six, once
one imposes charge conjugation and crossing symmetry constraints [4].
Increasing the momentum transfer in the t−channel results in large-angle scattering of the
emitted real photon in the final state. As a consequence, one enters the domain of the wide-angle
Compton scattering. In this kinematics the process receives quantitative description within QCD
factorization approach with the leading asymptotic behavior driven by the hard gluon exchanges
between nucleon’s constituents [5] and by the Feynman soft mechanism at moderate t with the
amplitude arguably described by a hand-bag diagram [6, 7]. The real Compton Form Factors
emerging in the latter framework are actually moments of more general functions encoding the
partonic degrees of freedom in the nucleon.
In the deeply virtual regime of large Euclidean Q2 and fixed t, the probe resolves individual
nucleon’s constituents and the process admits a full-fledged description in terms of the Gener-
alized Parton Distributions (GPDs) [8, 9, 10]. However, the Compton amplitude itself is only
determined by an integral of GPDs accompanied by a perturbatively computable coefficient func-
tion. These convolutions are known as Compton Form Factors (CFFs) [1]. Making use of the
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gauge invariance, discrete symmetries and crossing, one can establish that there are twelve inde-
pendent CFFs when the outgoing photon is real. They describe information about the hadron
for all possible polarization settings of the nucleon and the resolving photons. Since this de-
composition is general, the CFFs define the amplitude in all kinematical regimes, interpolating
between the aforementioned polarizabilities at low energies, and thus describing the response of
the nucleon as a whole to the external probes, all the way up to probing partonic degrees of
freedom at high energies.
The goal of the present study is to elaborate on our previous analysis [11] and provide a
complete set of exact results for helicity amplitudes describing the virtual Compton scattering,
on the one hand, filling the gap for transversely polarized target as well as contributions of the
double helicity-flip effects that were not entirely worked out before, as well as deliver a set of
relations between CFFs and polarizabilities introduced in earlier studies [4] making use of the
Tarrach’s decomposition of the Compton tensor [12], on the other. Thus we establish a useful
dictionary that can be used to re-express the results of experimental measurements in terms of
the same observables, Compton Form Factors.
Our subsequent presentation is organized as follows. In the next section, we review the
formalism of helicity amplitudes, used previously by us in the deeply virtual kinematics, and
provide a set of exact concise formulas for all polarization settings, unpolarized, longitudinal
and transverse, of the nucleon target. In Sect. 3, we address the question of gauge-invariant
decomposition of the hadronic tensor. We start there with an exactly solvable toy example of a
point particle and then suggest a rather simple parameterization of the Compton tensor in terms
of CFFs that are free of kinematical singularities. The connection to the structure functions
defined by Tarrach and the form of CFFs in the Born approximation is established by means of
helicity amplitudes. In Sect. 4, we develop, based on our findings, the low-energy expansion of
the CFFs and provide a complete set of relations to the generalized polarizabilities of Guichon
et al., introduced in Ref. [3]. Finally, we summarize and point out further applications of our
unified framework. A number of appendices serve to explain different reference frames used to
determine the kinematics in our computations, as well as a number of explicit results that prove
to be too long to fit in the main body of the paper. We add that all results reported here are
also available as a Mathematica code for easy computer implementation by practitioners.
2 Cross section in terms of helicity amplitudes
In recent investigations [11, 13], we demonstrated that the deviation between the data on hard
electroproduction of photons and theoretical estimates for corresponding observables within the
approximation scheme of Ref. [1] could be reconciled by calculating kinematical corrections in
the hard scale exactly while ignoring dynamical high-twist contributions altogether. The neglect
of the latter was motivated by the hierarchy of low-energy scales associated with hadronic matrix
elements of high-twist operators which are smaller than soft kinematical scales encountered in
the problem, i.e., the nucleon mass and the t-channel momentum transfer. Incorporation of
the kinematical power-suppressed effects was achieved by separating them between the leptonic
and hadronic parts independently and by evaluating photon helicity amplitudes utilizing the
polarization vectors for the incoming and outgoing photons in the target rest frame. In addition to
providing an efficient computational scheme, it has another advantage of localizing the azimuthal
angular dependence in the lepton helicity amplitudes for the choice of the reference frame with
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the z-axis counter-aligned with the incoming photon three-momentum, as shown in Fig. 1. It
also allows one for a straightforward reduction to the harmonic expansion introduced in Refs.
[1, 14].
2.1 Form factor parameterization of hadronic helicity amplitudes
Let us start with the hadronic component of the leptoproduction amplitude of a real photon. We
define the nucleon helicity amplitudes for the (deeply virtual or quasi-real) Compton scattering
as
T VCSab (φ) = (−1)a−1εµ∗2 (b)Tµνεν1(a) , (5)
by contracting the VCS tensor (4) with the photon polarization vectors. Here, the overall phase
(−1)a−1 accounts for the signature factor in the completeness relation for the photon polarization
vectors. The a and b indices take the following values a ∈ {0,±1} and b = ±1. The ε-vectors for
the virtual photon are given in our reference frame by
εµ1 (±) =
e∓iφ√
2
(0, 1,±i, 0) , εµ1(0) =
1
ǫ
(−
√
1 + ǫ2, 0, 0, 1), (6)
while for the real photon they are
εµ∗2 (±) =
1√
2
(
0,
1 + ǫ
2
2
Q2+t
Q2+xBt√
1 + ǫ2
cos φ± i sinφ,∓i cosφ+ 1 +
ǫ2
2
Q2+t
Q2+xBt√
1 + ǫ2
sinφ,
−ǫQK˜/√1 + ǫ2
Q2 + xBt
)
.
(7)
Here, we introduced for later convenience a kinematical factor with mass dimension one
K˜ =
√
(1− xB)xB + ǫ
2
4
√
(tmin − t)(t− tmax)
Q2 , (8)
which vanishes at the minimally (maximally) allowed value of the t-channel momentum transfer
−t = −tmin (−t = −tmax) with
tmin = −Q2
2(1− xB)
(
1−√1 + ǫ2)+ ǫ2
4xB(1− xB) + ǫ2 , tmax = −Q
2 2(1− xB)
(
1 +
√
1 + ǫ2
)
+ ǫ2
4xB(1− xB) + ǫ2 . (9)
In turn, K˜ vanishes if xB reaches for fixed −t and Q2 the maximal allowed value
xBmax = 1− Q
2 + t
Q2 + t+
(√−t (4M2 − t)− t) Q2
2M2
. (10)
Consequently, this factor encodes the phase space boundary in hadronic variables. In the explicit
computation of Eq. (5), we use the Lorentz covariant decomposition for the ε-vectors in terms
of momentum four-vectors defining the process, which we often write for convenience in terms
of the t-channel momentum transfer, the sum of nucleons’ momenta, the averaged momentum of
the photons, and a vector orthogonal to the previous three1:
∆µ = pµ2 − pµ1 , pµ = pµ1 + pµ2 , qµ = 12(qµ1 + qµ2 ) , ǫµpq∆ ≡ ǫµαβγpαqβ∆γ . (11)
1As in our previous work, we also adopt here to the conventions of Itzykson and Zuber [15], i.e., for the
Levi-Civita tensor we choose the normalization ǫ0123 = +1.
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The coefficients in such an expansion are given in terms of the kinematical invariants introduced
above. A complete set of relations is deferred to the Appendix A.
The computations of the cross section (1) by means of the hadron helicity amplitudes (5),
presented in the following two sections, require an explicit tensor decomposition of the Compton
amplitude. Unfortunately, no consensus exists on the form of parametrization of such a tensor
even for DVCS kinematics. In the latter case, the partonic interpretation of the Tµν arises from
the application of the Operator Product Expansion (OPE) techniques which valid to a given
accuracy in the 1/Q-expansion and this leaves a substantial ambiguity in the parametrization of
the hadronic amplitude depending on the fashion that one restores its gauge invariance broken
by the leading order approximation.
To go around this problem, we first parameterize directly the photon helicity amplitudes (5).
Thereby, we describe the nucleon-to-nucleon transition for given photon helicities in terms of
two even parity and two odd parity bilinear Dirac spinor covariants, analogously to the manner
they appear in the standard form factor parameterization of the vector and axial-vector currents.
Moreover, we take into account that the above helicity amplitudes for opposite pairs of helicities
are not independent of each other and are rather related by the parity conservation, generically
written as
T VCS−− (F) = T VCS++ (F)
∣∣∣
FP=±1→±FP=±1
,
T VCS0− (F) = T VCS0+ (F)
∣∣∣
FP=±1→±FP=±1
, (12)
T VCS−+ (F) = T VCS+− (F)
∣∣∣
FP=±1→±FP=±1
,
where FP stays for CFFs with definite parity P = ±1 (even parity P = 1 refers to vector
case while odd one P = −1 refers to axial-vector case). As a consequence, we have a set F
of three times four independent CFFs and our helicity amplitudes can be expressed in terms
of six linear functions, three depending on two even (or two odd) CFFs. Furthermore, we can
summarize diverse formulation in a single parametrization since the representation of the photon
polarization vectors in terms of kinematical variables allows us to use the Dirac equation for the
free nucleon spinors. Consequently, we write the helicity amplitudes (5) in following form
T VCSab = V(Fab)− bA(Fab) for b ∈ {+,−} (13)
in terms of the vector and axial-vector form factor parametrization,
V(Fab) = u¯2
(
6mHab + iσαβm
α∆β
2M
Eab
)
u1 (14)
A(Fab) = u¯2
(
6mγ5 H˜ab + γ5m ·∆
2M
E˜ab
)
u1 , (15)
with a convention-dependent vectormµ and bispinors ui ≡ u(pi, Si), normalized as u¯(p, S)u(p, S) =
2M . Such a uniform functional form for all photon helicity options, which closely matches the
GPD notation, is very convenient for the evaluation of the cross section. However, one has to
take special care tracing potential kinematical singularities. Emphasizing the simplicity of the
underlying analysis, in Sect. 3 we will state how CFFs can be defined in a singularity free manner.
A few other comments are in order. Our conventions imply the relations
F−− = F++ , F0− = F0+ , and F−+ = F+− for F ∈ {H, E , H˜, E˜} . (16)
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The above vector mµ in the GPD framework is often equated to a fixed light-like vector and
reflects, loosely speaking, also the accuracy in restoring gauge invariance lost within the twist-
two accuracy. A couple of fixed light-like vector choices were explored in the literature, see, e.g.,
discussion in Ref. [16]. Going beyond the leading twist approximation, the choice m = qµ/p · q is
physically motivated and guarantees a proper behavior under Lorentz transformations as well as
allows one for a simple implementation of the Bose symmetry [1]. Another choice mµ = qµ1 /p1 · q1
can be advocated by the fact that in our reference frame this vector contains only longitudinal
degrees of freedom. Finally, mµ ∝ qµ2 can also be taken as a light-like vector in the GPD
framework [17, 18]. Using the free Dirac equation for the nucleon spinors it becomes obvious
that the parameterization (13)–(15) in terms of spinor bilinears is complete and, hence, different
choices of mµ correspond to a linear transformation in the space of CFFs. As in previous work,
we will use the following vector
mµ = qµ/p · q
throughout our current analysis.
The above helicity CFFs can be expressed in terms of the ones emerging in the GPD frame-
work. However, since the latter relies on a truncation of the 1/Q-expansion, the resulting relations
will depend on a particular parametrization of the Compton tensor and identification of CFFs as
a convolution of GPDs and perturbative coefficient functions valid only to a very low accuracy
in 1/Q-expansion. In Sect. 3 an exact set of CFF relations will be given, see below Eqs. (131)–
(132), here we quote the leading contribution to the helicity form factors from the twist-two
F (≡ F tw−2), the effective twist-three F eff and gluon transversity FT CFFs,
F++ = F +O
(
1/Q2) (17)
F0+ =
√
2K˜√
1 + ǫ2Q (2− xB + xBtQ2 )F eff +O
(
1/Q2)+O(αs) , (18)
F+− = K˜
2
2M2
(
2− xB + xBtQ2
)2FT +O (1/Q2) , (19)
where some typical kinematical factors were treated here exactly preparing the stage for full-
fledged formulas. In the amplitude F0+, we used an effective GPD inspired CFF
F eff = −2ξ
(
1
1 + ξ
F + F tw−3+ − F tw−3−
)
+O (1/Q2)+O (αs/Q) . (20)
These contain a twist-two induced part and twist-three quantities F3± that are given in Ref. [1],
see Eqs. (84)–(87) there. Note, however, that these effective CFFs are also affected by the twist-
two gluon transversity, formally suppressed by αs, and also high-twist contributions. As it has
been discussed in Ref. [13] for a scalar target, the transversity admixture to the longitudinal
helicity-flip amplitudes presently is not under theoretical control and its clarification requires a
twist-three analysis at NLO accuracy. Above we made use of the generalized Bjorken variable ξ
that is expressed via xB as follows ξ ≃ xB/(2 − xB). Further insights on the interplay between
the current conservation, the choice of the partonic scaling variables and, respectively, the choice
of the auxiliary light-like vectors and kinematical effects can be found in Ref. [13] and below in
Sect. 3.2.
Having fixed the parametrization of the hadronic helicity amplitudes (13)–(15) by the choice
mµ ≡ qµ/p · q, we will turn now in the next two sections to how they are incorporated into
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the squared of the VCS amplitude as well as its interference with the Bethe-Heitler process.
We emphasize once more that the uncertainties from kinematical and dynamical higher twist
contributions, appearing in the relation of hadronic and partonic quantities for the deeply virtual
kinematics, are entirely encoded in the relations of helicity dependent CFFs Fab to the set of
CFFs that one adopts for the evaluation of the hadronic tensor. Thus, the results that follow are
exact, free of any approximations.
2.2 Squared Compton scattering amplitude
Let us now calculate the square of the (D)VCS amplitude, entering the cross section (1), where
the lepton mass is set to zero and the polarization of the final state lepton remains unobserved.
Using the completeness relations for the photon polarization vectors, we can rewrite this square
as
|T VCS|2 = 1Q2
∑
a=−,0,+
∑
b=−,0,+
Lab(λ, φ)Wab , (21)
in terms of the hadronic,
Wab = T VCSa+
(T VCSb+ )∗ + T VCSa− (T VCSb− )∗ , (22)
and leptonic,
Lab(λ, φ) = εµ∗1 (a)Lµν(λ)εν1(b) , (23)
squared amplitudes, labeled by the helicity states of the initial and final photons. Here, the
familiar leptonic tensor for the initial-state lepton with helicity λ = ±1 reads
Lµν = 2Q−2
(
kµk
′
ν + kνk
′
µ − k · k′gµν + iλεµνkk′
)
. (24)
Note that |λ| ≤ 1 can be also regarded as the polarizability of the lepton beam. More explicitly,
one finds for the squared VCS amplitude (21)
Q2|T VCS|2 = L++(λ)W++ + L++(−λ)W−− + L00W00 (25)
+ L0+(λ, φ)W0+ + L0+(−λ,−φ)W0− + L0+(−λ, φ)W+0 + L0+(λ,−φ)W−0
+ L+−(φ)W+− + L+−(−φ)W−+ .
The squared leptonic helicity amplitudes can be calculated exactly yielding known results,
e.g., in the form already presented in Ref. [13]:
L++(λ) = 1
y2(1 + ǫ2)
(
2− 2y + y2 + ǫ
2
2
y2
)
− 2− y√
1 + ǫ2y
λ , (26)
L00 = 4
y2(1 + ǫ2)
(
1− y − ǫ
2
4
y2
)
, (27)
L0+(λ, φ) = 2− y − λy
√
1 + ǫ2
y2(1 + ǫ2)
√
2
√
1− y − ǫ
2
4
y2 e−iφ , (28)
L+−(φ) = 2
y2(1 + ǫ2)
(
1− y − ǫ
2
4
y2
)
ei2φ . (29)
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The remaining squared amplitudes are related to the above by parity- and time-reversal invari-
ance,
L0−(λ, φ) = L0+(−λ,−φ) , L±,0(λ, φ) = L0,±(−λ, φ) ,
L−−(λ) = L++(−λ) , L−+(φ) = L+−(−φ) .
(30)
The squared helicity amplitudes of the hadronic tensor (22) take the following form in the
spinor representation (13)–(15),
Wab =
∑
S′
∑
c=±1
[
V(Fac)− cA(Fac)
][
V†(F∗bc)− cA†(F∗bc)
]
,
and will be evaluated exactly for given nucleon polarizations. We decompose the polarization
vector of the initial nucleon in its transverse and longitudinal components,
Sµ(Φ, θ) = sin θ SµT(Φ) + cos θ S
µ
L , (31)
where the angle is Φ = ϕ+ φ is introduced in Fig. 1, while the individual vectors
SµT(ϕ+ φ) = (0, cos(ϕ+ φ), sin(ϕ+ φ), 0) , S
µ
L = (0, 0, 0, 1) , (32)
can be expressed in the basis of momenta (11), see Appendix A. The outgoing nucleon will be
treated in our considerations as unpolarized, since we are not aware of any plans to perform recoil
polarization measurements in experiments for a rather challenging virtual Compton scattering
reaction. If needed, our work can be generalized along these lines.
The Fourier coefficients, given by the square of the VCS helicity amplitudes, can be re-
expressed as bilinear combinations of CFFs with their functional dependence reflecting the nu-
cleon polarization states. Consequently, we decompose the square of the VCS amplitude into
four terms exhibiting the spin of the target as follows,
∑
S′
[
V(F) +A(F)
][
V†(F∗) +A†(F∗)
]
=
[
CVCSunp + Λ cos(θ)
1√
1 + ǫ2
CVCSLP (33)
+Λ sin(θ) sin(ϕ)
iK˜
2M
CVCSTP− + Λ sin(θ) cos(ϕ)
K˜
2M
√
1 + ǫ2
CVCSTP+
]
(F ,F∗) ,
where we made the polarizability Λ of the nucleon target explicit. The naming of different
CVCS··· (F ,F∗) functions is self-explanatory. These arise as bilinear combinations of CFFs making
use of the definition (13). Their form will be given below. Moreover, we may consider F and F∗
as independent variables so that a uniform functional form can be employed in the evaluation
of all initial-to-final photon-helicity state transitions: spanning the range between conserved to
longitudinal-to-transverse, and transverse-to-transverse helicity-flip contributions.
Let us clearly spell out some of the changes in our definitions compared to the ones we used in
our earlier studies. Note that in comparison to Ref. [11], we redefined the combination CVCSLP by
pulling out an overall factor of 1/
√
1 + ǫ2. Moreover, with respect to the approximate expressions
of Ref. [1] we also changed here the overall normalization of the transversity contributions. Note
also that in the relations (18) and (19) between longitudinal and transverse helicity flip CFFs and
GPD inspired CFFs there appears a factor K˜ and K˜2, respectively. Compared to Ref. [1], such
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kinematical factors are now stripped off if we express first and second order harmonics in terms
of helicity-dependent CFFs. Another modification is that the leptonic part for exact kinematics
can be simply obtained by a set of substitution rules from our previous DVCS results that has
been already discussed in Ref. [11] and will not be repeated here. Finally, we also note that some
of the remaining corrections in the hadronic part can be considered as a reparametrization of the
scaling variable, i.e.,
ξ ≃ xB
2− xB → ξ =
xB
2− xB + xBtQ2
.
Now we are able to cast our findings into the form suggested in Ref. [1]. Namely, from the
squared VCS amplitude (25), the computed leptonic helicity amplitudes (29) and the definition of
the hadronic coefficients CDVCS as functions of the helicity-dependent CFFs, one can immediately
read off the harmonic expansion, which we write here by analogy to Ref. [1] as
|T VCS(φ, ϕ)|2 = e
6
y2Q2
{
cVCS0 (ϕ) +
2∑
n=1
[
cVCSn (ϕ) cos(nφ) + s
VCS
n (ϕ) sin(nφ)
]}
. (34)
The evaluation of the Fourier harmonics in Eq. (34) is straightforward and provides for the
coefficients in the decomposition
cVCSn (ϕ) = c
VCS
n,unp + cos θ c
VCS
n,LP + sin θ c
VCS
n,TP(ϕ) (35)
sVCSn (ϕ) = s
VCS
n,unp + cos θ s
VCS
n,LP + sin θ s
VCS
n,TP(ϕ) (36)
the following results:
• Unpolarized target
cVCS0,unp = 2
2− 2y + y2 + ǫ2
2
y2
1 + ǫ2
CVCSunp (F++,F∗++
∣∣F−+,F∗−+) + 81− y − ǫ24 y21 + ǫ2 CVCSunp (F0+,F∗0+) ,
(37){
cVCS1,unp
sVCS1,unp
}
=
4
√
2
√
1− y − ǫ2
4
y2
1 + ǫ2
{
2− y
−λy√1 + ǫ2
}{ ℜe
ℑm
}
CVCSunp
(F0+∣∣F∗++,F∗−+) , (38)
cVCS2,unp = 8
1− y − ǫ2
4
y2
1 + ǫ2
ℜe CVCSunp
(F−+,F∗++) . (39)
• Longitudinally polarized target
cVCS0,LP =
2λΛ y(2− y)
1 + ǫ2
CVCSLP (F++,F∗++
∣∣F−+,F∗−+) , (40)
{
cVCS1,LP
sVCS1,LP
}
= −4
√
2Λ
√
1− y − ǫ2
4
y2
(1 + ǫ2)3/2
{
−λy√1 + ǫ2
2− y
}{ ℜe
ℑm
}
CVCSLP
(F0+∣∣F∗++,F∗−+) , (41)
sVCS2,LP = −8Λ
1− y − ǫ2
4
y2
(1 + ǫ2)3/2
ℑm CVCSLP
(F−+,F∗++) . (42)
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• Transversally polarized target
cVCS0,TP = −4
1 − y − ǫ2
4
y2
1 + ǫ2
K˜
M
Λ sin(ϕ)ℑm CVCSTP−(F0+,F∗0+) (43)
+
2− y
1 + ǫ2
K˜
M
[
λΛ cos(ϕ) y CVCSTP+
−Λ sin(ϕ)2− 2y + y
2 + 1
2
ǫ2y2
2− y ℑm C
VCS
TP−
]
(F++,F∗++
∣∣F−+,F∗−+),
{
cVCS1,TP
sVCS1,TP
}
= −2
√
2
√
1− y − ǫ2
4
y2
1 + ǫ2
K˜
M
[
Λ cos(ϕ)√
1 + ǫ2
{
−λy√1 + ǫ2
2− y
}{ ℜe
ℑm
}
CVCSTP+ (44)
+ Λ sin(ϕ)
{
2− y
λy
√
1 + ǫ2
}{ℑm
ℜe
}
CVCSTP−
] (F0+∣∣F∗++,F∗−+) ,{
cVCS2,TP
sVCS2,TP
}
= −41 − y −
ǫ2
4
y2
(1 + ǫ2)3/2
K˜
M
ℑm
{√
1 + ǫ2 Λ sin(ϕ) CVCSTP−
Λ cos(ϕ) CVCSTP+
}(F−+,F∗++) . (45)
Here we introduced incoherent sums of transverse helicity-flip and non-flip CFFs:
CVCSS (F++,F∗++
∣∣F−+,F∗−+) = CVCSS (F++,F∗++)± CVCSS (F−+,F∗−+) , (46)
CVCSS (F0+
∣∣F∗++,F∗−+) = CVCSS (F0+,F∗++)± CVCSS (F0+,F∗−+) , (47)
where the + and − signs apply for S ∈ {unp,TP−} and S ∈ {LP,TP+} cases, respectively.
By means of Eq. (25), we find the following exact results for the bilinear CFF combinations
that enter the VCS squared term:
• Unpolarized target
CVCSunp =
4(1− xB)
(
1 + xBtQ2
)(
2− xB + xBtQ2
)2 [HH∗ + H˜H˜∗]+
(
2 + tQ2
)
ǫ2(
2− xB + xBtQ2
)2 H˜H˜∗ − t4M2EE∗ (48)
− x
2
B(
2− xB + xBtQ2
)2
{(
1 +
t
Q2
)2 [HE∗ + EH∗ + EE∗]+ H˜E˜∗ + E˜H˜∗ + t
4M2
E˜ E˜∗
}
,
• Longitudinally polarized target
CVCSLP =
4(1− xB)
(
1 + xBtQ2
)
+ 2
(
1− xB + Q2+t2Q2
)
ǫ2(
2− xB + xBtQ2
)2 [HH˜∗ + H˜H∗] (49)
−x
2
B
(
1 + xBtQ2 − (1− xB) tQ2
)(
2− xB + xBtQ2
)2 [HE˜∗ + E˜H∗ + H˜E∗ + EH˜∗]
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−4xB(1− xB)
(
1 + xBtQ2
)
t
Q2 + xB
(
1 + tQ2
)2
ǫ2
2
(
2− xB + xBtQ2
)2 [H˜E∗ + EH˜∗]
− xB
2 − xB + xBtQ2
(
x2B
(
1 + tQ2
)2
2
(
2− xB + xBtQ2
) + t
4M2
) [EE˜∗ + E˜E∗],
• Transversally polarized target
CVCSTP+ =
2(
2− xB + xBtQ2
)2
{
xB
[HE˜∗ + E˜H∗]+ 4xB(1− 2xB)M2Q2 [HH˜∗ + H˜H∗] (50)
−
(
2− xB + xBtQ2 +
(
3 +
t
Q2
)
ǫ2
2
)[H˜E∗ + EH˜∗]+ x2B
2
(
1− tQ2
)[EE˜∗ + E˜E∗]},
CVCSTP− =
2
2− xB + xBtQ2
[HE∗ − EH∗]− 2xB(
2− xB + xBtQ2
)2 [H˜E˜∗ − E˜H˜∗] . (51)
Let us point out at this moment that the transverse double-flip CFFs, given in the approxi-
mation (19), can be expressed by the gluon transversity CFFs which were introduced in Ref. [19]
via the following linear map (cf. (122) and (126)–(129) below)
HT = H[19]T + E [19]T + 2H˜[19]T (52)
+
t
K˜2
[(
1− xB + xBt
2Q2
)(
1 +
xBt
2Q2
)
H[19]T −
x2B
4
E [19]T +
xB
4
(
2− xB + xBtQ2
)
E˜ [19]T
]
ET = −2H˜[19]T (53)
− 4M
2
K˜2
[(
1− xB + xBt
2Q2
)(
1 +
xBt
2Q2
)
H[19]T −
x2B
4
E [19]T +
xB
4
(
2− xB + xBtQ2
)
E˜ [19]T
]
H˜T =
M2
(
2− xB + xBtQ2
)
K˜2
[
xBH[19]T +
xBt
4M2
E [19]T −
(
2− xB + xBtQ2
)
t
4M2
E˜ [19]T
]
, (54)
E˜T =
M2
(
2− xB + xBtQ2
)
K˜2
[(
2− xB + xBtQ2
)
E˜ [19]T −
4M2x2B + 4K˜
2
xBt
H[19]T − xBE [19]T
]
. (55)
These obviously suffer from kinematical 1/K˜2 singularities. In the case of our unaltered twist-
three CFF definitions such kinematical singularities cancel each other while for gluon transversity
contributions we observe a partial cancelation in all four expressions for C-functions (48)–(51):
CVCSS (FT ,F∗T ) ∝ K˜−2 for S ∈ {unp,LP,TP+,TP−}
and
CVCSS (FT ,F∗) ∝
{
K˜0
K˜−2
}
for S ∈
{
unp,LP
TP+,TP−
}
.
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If we neglect power suppressed contributions, we retrieve for the C-functions the same functional
form that was already found in Ref. [1]. Moreover, the behavior of helicity flip CFFs, indicated
by the additional K˜ and K˜2 factors in the relations (18), (19), ensure that all first (second) and
second (first) order harmonics for unp and LP (TP+ and TP−) cases vanish in the limit t→ tmin
as
√
tmin − t and tmin − t, respectively. Finally, we add that our results are consistent with the
expanded ones of Ref. [1] and that they have been numerically cross checked by means of the
leptonic tensor (24) and a hadronic Compton scattering tensor, given below in Eq. (136).
2.3 Interference term
Let us now turn to the interference term. Inserting the completeness condition for the initial and
final photon polarization states, one finds the interference term I as a linear superposition
I = ±e
6
tP1(φ)P2(φ)
∑
a=−,0,+
∑
b=−,+
∑
S′
{
Lρab(λ, φ)TabJ†ρ +
(Lρab(λ, φ)TabJ†ρ)∗} , (56)
of the products of hadronic and leptonic helicity amplitudes. The former were defined earlier in
Eq. (13) and the matrix element of the quark electromagnetic current (3)
Jρ = u¯2Γρ(∆)u1 with Γρ(∆) = γρ F1(t) + iσρσ
∆σ
2M
F2(t) (57)
is determined by the Dirac and Pauli form factors F1 and F2. Moreover, 1/P1(φ)P2(φ) stands for
the product of rescaled propagators of the Bethe-Heitler amplitude, specified in Eqs. (28)–(31)
of Ref. [1].
First we consider the hadronic part TabJ†ρ of the interference term (56) which, similarly to the
leptonic part, has one open Lorentz index. The former is given by the VCS helicity amplitudes
(13)–(15) and the electromagnetic current (57). The resulting (axial-) vector amplitudes will
be decomposed in the basis (11) of the physical momenta. Due to the electromagnetic current
conservation, we can neglect terms proportional to ∆ρ, which vanish upon contraction with the
leptonic part Lρab. The summation over the final nucleon polarization states yields the following
expression in the vector sector∑
S′
V(F)J†ρ = pρ
[CIunp(F)− CI,Aunp](F) + 2qρ tQ2CI,Vunp (F) (58)
−pρΛ sin(θ) sin(ϕ)M
iK˜
[
CITP− − CI,ATP−
]
(F) − 2qρ tQ2
Λ sin(θ) sin(ϕ)M
iK˜
CI,VTP−(F)
+
2iεpq∆ρ
Q2
[
Λ cos(θ)√
1 + ǫ2
CI,VLP +
Λ sin(θ) cos(ϕ)M√
1 + ǫ2K˜
CI,VTP+
]
(F) ,
and analogously in the axial-vector case∑
S′
A(F)J†ρ = pρ
Λ cos(θ)√
1 + ǫ2
[
CILP − CI,VLP
]
(F) + 2qρ tQ2
Λ cos(θ)√
1 + ǫ2
CI,ALP (F) (59)
+pρ
Λ sin(θ) cos(ϕ)M√
1 + ǫ2K˜
[
CITP+ − CI,VTP+
]
(F) + 2qρ tQ2
Λ sin(θ) cos(ϕ)M√
1 + ǫ2K˜
CI,ATP+(F)
+
2iεpq∆ρ
Q2
[
CI,Aunp −
Λ sin(θ) sin(ϕ)M
iK˜
CI,ATP−
]
(F) .
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As it becomes obvious from these two equations, the result for the transversely polarized target
can be obtained from the ones of unpolarized and longitudinally polarized cases by the following
substitutions
CI,···unp (F) ⇒ −Λ sin(θ) sin(ϕ)
M
iK˜
CI,···TP−(F) , (60)
Λ cos(θ)√
1 + ǫ2
CI,···LP (F) ⇒
Λ sin(θ) cos(ϕ)√
1 + ǫ2
M
K˜
CI,···TP+(F) . (61)
Now we turn to the leptonic helicity amplitudes,
Lρab(λ, φ) = εµ∗1 (a)L ρµ νεν2(b) , (62)
where
Lµρν = Q−6(k − q2)2(k −∆)2 tr 12(1− λγ5)
[
γρ( 6k − 6∆)−1γν + γρ( 6k]′+ 6∆)−1γν
]
γµ 6k . (63)
This amplitude contains the entire azimuthal angular dependence of the interference term. Its
contraction with the Lorentz vectors entering the decomposition of the hadronic amplitudes (58)
and (59) introduces the coefficients for the lepton helicity-independent,
Cab
CVab
CAab
 = ℜeLρab(λ = 0, φ)

pρ
2qρ
t
Q2
2iεpq∆ρ
Q2
 ,

δSab
δSVab
δSAab
 = ℑmLρab(λ = 0, φ)√1 + ǫ2

pρ
2qρ
t
Q2
2iεpq∆ρ
Q2
 ,
(64)
and helicity-dependent components
Sab
SVab
SAab
 = ℑm ∂∂λLρab(λ, φ)

pρ
2qρ
t
Q2
2iεpq∆ρ
Q2
 ,

δCab
δCVab
δCAab
 = ℜe ∂∂λ Lρab(λ, φ)√1 + ǫ2

pρ
2qρ
t
Q2
2iεpq∆ρ
Q2
 ,
(65)
respectively. Notice that in the deeply virtual regime, the leptonic coefficients with V and A
superscripts are power suppressed. We also introduce the harmonic expansion of these coefficients
(δ)Cab(φ) =
1
xBy3
3∑
n=0
cos(nφ) (δ)Cab(n) , (δ)Sab(φ) =
1
xBy3
3∑
n=1
sin(nφ) (δ)Sab(n) , (66)
where we include a conventional factor 1/(xBy
3).
As for the square of the virtual Compton scattering amplitude, listed in Sect. 2.2, we decom-
pose the interference term in a Fourier harmonic sum and label entering contributions cIk,S with
respect to the polarization of the incoming nucleon state S ∈ {unp,LP,TP+,TP−},
I(φ, ϕ) = ±e
6
xBy3tP1(φ)P2(φ)
[
3∑
n=0
cIn,S(ϕ) cos(nφ) +
3∑
n=1
sIn,S(ϕ) sin(nφ)
]
. (67)
The Fourier coefficients cIn,S and s
I
n,S are straightforwardly obtained from the definitions given
in this section and can be exactly expressed in terms of effective linear combinations of helicity
dependent CFFs (13).
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However, as it follows from Eqs. (58), (59) together with (64), (65), an exact calculation of
the interference term (56) yields a result that is given by a superposition of factorized leptonic
and hadronic components. Hence, we may introduce “effective” hadronic linear combinations of
CFFs that read for the unpolarized and transversally polarized TP− components as follows
CIab,S(n|Fab) = CIS (Fab) +
CVab(n)
Cab(n)
CI,VS (Fab) +
CAab(n)
Cab(n)
CI,AS (Fab) ,
SIab,S(n|Fab) = CIS (Fab) +
SVab(n)
Sab(n)
CI,VS (Fab) +
SAab(n)
Sab(n)
CI,AS (Fab) , (68)
where S ∈ {unp,TP−}, and for the longitudinally and transversally polarized TP+ parts as
CIab,S(n|Fab) = CIS (Fab) +
δCVab(n)
δCab(n)
CI,VS (Fab) +
δCAab(n)
δCab(n)
CI,AS (Fab) ,
SIab,S(n|Fab) = CIS (Fab) +
δSVab(n)
δSab(n)
CI,VS (Fab) +
δSAab(n)
δSab(n)
CI,AS (Fab) , (69)
with S ∈ {LP,TP+}. The explicit results of the calculation of the leptonic coefficients (δ)C ···ab(n)
and (δ)S ···ab(n), defined in Eqs. (64)–(66), are listed in Appendix B. From what was said above it
follows that the dominant term in the deeply virtual kinematics is given by the coefficients CIS .
Also it turns out that for a given harmonic all helicity amplitudes will contribute. However, in the
regime of large photon virtualities, the first harmonics are dominated by the helicity conserved
CFFs F++ (of twist-two in power counting), while the second ones receive leading contribution
from the longitudinal-to-transverse CFFs F0+ (twist-three). The third harmonic is governed by
the transverse-to-transfers CFFs F−+, determined at twist-two level by the gluon transversity
GPDs. The latter contribution yields a cos(3φ) harmonic for unpolarized scattering, given by
the real part of CFFs, and sin(3φ) harmonic for the longitudinally polarized part, this time
expressed in terms of the imaginary part. The transversally polarized part is determined by the
imaginary part of CFF combinations, leading to a cos(ϕ) sin(3φ) and sin(ϕ) cos(3φ) harmonics.
There also appear constant terms that are relatively suppressed by 1/Q in the amplitudes and
are dominated by twist-two operator matrix elements.
We now list the explicit expressions for the Fourier coefficients in terms of linear photon
helicity-dependent CFF combinations, where the separate terms are ordered with respect to
their importance in the deeply virtual region:
• Unpolarized target
cI0,unp = C++(0)ℜe CI++,unp (0|F++) + {++→ 0+}+ {++→ −+},
(70){
cI1
sI1
}
unp
=
{
C++(1)
λS++(1)
}{ ℜe
ℑm
}{CI++ (1|F++)
SI++ (1|F++)
}
unp
+ {++→ 0+}+ {++→ −+},
(71){
cI2
sI2
}
unp
=
{
C0+(2)
λS0+(2)
}{ ℜe
ℑm
}{CI0+ (2|F0+)
SI0+ (2|F0+)
}
unp
+ {0+→ ++}+ {0+→ −+},
(72)
cI3,unp = C−+(3)ℜe CI−+,unp (3|F−+) + {−+→ ++}+ {−+→ 0+},
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(73)
where the CFF combinations CIab,unp and SIab,unp are defined in Eqs. (68) and (83)–(85) together
with CI,···ab and S
I,···
ab , listed in the Appendix B.1.
• Longitudinally polarized target [i.e., cos θ proportional part]
cI0,LP = Λ λ δC++(0)ℜe CI++,LP (0|F++) + {++→ 0+}+ {++→ −+},
(74){
cI1
sI1
}
LP
= Λ
{
λ δC++(1)
δS++(1)
}{ ℜe
ℑm
}{CI++ (1|F++)
SI++ (1|F++)
}
LP
+ {++→ 0+}+ {++→ −+},
(75){
cI2
sI2
}
LP
= Λ
{
λ δC0+(2)
δS0+(2)
}{ ℜe
ℑm
}{CI0+ (2|F0+)
SI0+ (2|F0+)
}
LP
+ {0+→ ++}+ {0+→ −+},
(76)
sI3,LP = Λ δS−+(3)ℑm CI−+,LP (3|F−+) + {−+→ ++}+ {−+→ 0+},
(77)
where the CFF combinations CIab,LP and SIab,LP are defined in Eqs. (69) and (86)–(88) together
with δCI,···ab and δS
I,···
ab , listed in the Appendix B.2.
• Transversally polarized target [i.e., sin θ proportional part]
cI0,TP = λΛ cos(ϕ)
M
K˜
δC++(0)ℜe CI++,TP+ (0|F++)
− Λ sin(ϕ)M
K˜
C++(0)ℑm CI++,TP− (0|F++) + {++→ 0+}+ {++→−+}, (78){
cI1
sI1
}
TP
= Λ cos(ϕ)
M
K˜
{
λ δC++(1)
δS++(1)
}{ ℜe
ℑm
}{CI++ (1|F++)
SI++ (1|F++)
}
TP+
+ Λ sin(ϕ)
M
K˜
{−C++(1)
λS++(1)
}{ℑm
ℜe
}{CI++ (1|F++)
SI++ (1|F++)
}
TP−
+ {++→ 0+}+ {++→ −+},
(79){
cI2
sI2
}
TP
= Λ cos(ϕ)
M
K˜
{
λ δC0+(2)
δS0+(2)
}{ ℜe
ℑm
}{CI0+ (2|F0+)
SI0+ (2|F0+)
}
TP+
+ Λ sin(ϕ)
M
K˜
{−C++(2)
λS++(2)
}{ℑm
ℜe
}{CI0+ (2|F0+)
SI0+ (2|F0+)
}
TP−
+ {0+→ ++}+ {0+→ −+},
(80)
sI3,TP = Λ cos(ϕ)
M
K˜
δS−+(3)ℑm CI−+,TP+ (3|F−+) + {−+→ ++}+ {−+→ 0+} , (81)
cI3,TP = −Λ sin(ϕ)
M
K˜
C−+(3)ℑm CI−+,TP− (3|F−+) + {−+→ ++}+ {−+→ 0+} , (82)
where the CFF combinations CIab,TP− and SIab,TP− [CIab,TP+ and SIab,TP+] are defined in Eqs. (68)
and (89)–(91) [Eqs. (69) and (92)–(94)] together with CI,···ab and S
I,···
ab [δC
I,···
ab and δS
I,···
ab ], listed
in Appendix B.1 [Appendix B.2].
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For the linear combinations of CFFs, evaluated from Eqs. (58) and (59), we find for the
helicity dependent CFFs the following exact expressions:
• Unpolarized target
CIunp(F) = F1H−
t
4M2
F2E + xB
2− xB + xBtQ2
(F1 + F2)H˜ , (83)
CI,Vunp (F) =
xB
2− xB + xBtQ2
(F1 + F2)(H + E) , (84)
CI,Aunp(F) =
xB
2− xB + xBtQ2
(F1 + F2)H˜ , (85)
• Longitudinally polarized target
CILP(F) =
2
2− xB + xBtQ2
F1
[{
(1− xB)
(
1 +
xBt
Q2
)
+
xB
2
+
x2BM
2
Q2
(
3 +
t
Q2
)}
H˜ (86)
+
xB
2
{
t
4M2
− xB
2
(
1− tQ2
)}
E˜
]
+
xB
2− xB + xBtQ2
(F1 + F2)
[
H + xB
2
(
1− tQ2
)
E − (1− 2xB)tQ2 H˜ −
t
4M2
E˜
]
,
CI,VLP (F) =
xB
2− xB + xBtQ2
(F1 + F2)
[
H + xB
2
(
1− tQ2
)
E
]
, (87)
CI,ALP (F) =
xB
2− xB + xBtQ2
(F1 + F2)
[
H˜ + 2xBM
2
Q2 H˜ +
xB
2
E˜
]
. (88)
• Transversally polarized target
CITP−(F) =
1
2− xB + xBtQ2
[
K˜2
M2
(F2H− F1E) (89)
+ x2B(F1 + F2)
{(
1 +
t
Q2
)2(
H + t
4M2
E
)
− H˜ − t
4M2
E˜
}]
,
CI,VTP−(F) = xB(F1 + F2)
[
H + t
4M2
E
]
, (90)
CI,ATP−(F) = −
x2B
2− xB + xBtQ2
(F1 + F2)
[
H˜ + t
4M2
E˜
]
, (91)
CITP+(F) =
x2B
(
1− (1− 2xB) tQ2
)
2− xB + xBtQ2
(F1 + F2)
[
H + t
4M2
E − H˜ − t
4M2
E˜
]
(92)
− 1
2− xB + xBtQ2
K˜2
M2
[
xB
2
F1
(
E − E˜ − 4M
2
Q2 H˜
)
+
xB
2
F2E + F2H˜
]
,
CI,VTP+(F) =
xB
2− xB + xBtQ2
(F1 + F2)
[
xB
(
1− tQ2 (1− 2xB)
)(
H + t
4M2
E
)
− K˜
2
2M2
E
]
,
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(93)
CI,ATP+(F) = −
xB
2− xB + xBtQ2
(F1 + F2)
[{
2− xB + 2xBtQ2 +
(
3 +
t
Q2 −
t
M2
)
ǫ2
2
}
H˜
−xB
2
{
xB
(
1− tQ2
)
− t
2M2
}
E˜
]
. (94)
This completes the full set of exact results for electroproduction cross section with exact account
for the kinematical power corrections, where the pure BH cross section is given in Ref. [1]. As
in the case of DVCS C-coefficients, the kinematical singularities appearing for twist-three and
transversity CFFs (partially) cancel also in the interference term and the expected behavior of
the harmonics in the −t→ −tmin limit can be established. Thereby, the CFF combinations
Ha+ + t
4M2
Ea+ , H˜a+ + t
4M2
E˜a+ , Ha+ +
xB
(
1 + tQ2
)
2− xB + xBtQ2
H˜a+ , Ea+ +
xB
(
1 + tQ2
)
2− xB + xBtQ2
E˜a+ (95)
behave as K˜1−a. Furthermore, with the map (52)–(55) the approximated results, given in Ref. [1],
are restored. Again, we performed a numerical cross check of our results.
Let us add that the harmonics (70)–(82) can also be explicitly evaluated as function of the
helicity dependent CFFs. For instance, the exact results for the odd harmonics of a unpolarized
target read in the fashion of [1] as follows,
sI1,unp =
8K˜
√
1− y − y2ǫ2
4
λ(2− y)y
Q (1 + ǫ2)2 (96)
×ℑm
{
C′ Iunp
([
1+
√
1+ǫ2
2
(
1+ t
Q2
)−1 + ǫ2 − xBtQ2
]
F++ +
[
1−√1+ǫ2
2
(
1+ t
Q2
)−1 + ǫ2 − xBtQ2
]
F−+ +
√
2K˜
Q F0+
)
+∆SI1,unp
([
1−√1+ǫ2
2
(
1+ t
Q2
)−1 − (1−xB)tQ2
]
F++ +
[
1+
√
1+ǫ2
2
(
1+ t
Q2
)−1 − (1−xB)tQ2
]
F−+ −
√
2K˜
Q F0+
)}
,
sI2,unp =
16K˜2
(
1− y − y2ǫ2
4
)
λy
Q2 (1 + ǫ2)2 (97)
×ℑm
{
C′ Iunp
(
1+
xBt
Q2
+ 1
2
ǫ2
(
1+ t
Q2
)
√
2K˜Q−1 F0+ +
1
2(Q2−t)ǫ2−xBt
2K˜2
∑
a∈{1,−1}
[
1−a√1+ǫ2
2
(
1+ t
Q2
)−1 − (1−xB)tQ2
]
Fa+
)
+∆SI2,unp
(
Q√
2K˜
F0+ − Q
2
2K˜2
∑
a∈{1,−1}
[
1−a√1+ǫ2
2
(
1+ t
Q2
)−1 − (1−xB)tQ2
]
Fa+
)}
,
where we introduced slightly different C-coefficients and power suppressed addenda
C′ Iunp(F) = CIunp(F) +
t
Q2 C
I,A
unp(F), ∆SI1,unp(F) =
2xBt
Q2 C
I,V
unp (F) +
2(1− xB)t
Q2 C
I,A
unp(F),
and
∆SI2,unp(F) = −
(
1− tQ2 +
2xBt
Q2
)[
xBt
Q2 C
I,V
unp +
(1− xB)t
Q2 C
I,A
unp
]
(F)− t (1 + ǫ
2)
Q2
(
1 +
t
Q2
)
CI,Aunp(F).
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The first harmonic (96), in particular the term K˜F0+/Q, is free of kinematical singularities. In
the hadronic coefficients of the second harmonic (97) possible 1/K˜2 singularities in the hadronic
coefficients cancel each other, too, see (95). Similar expression hold true for the even harmonics,
however, the addenda will then also depend on the photon polarization parameter.
3 Parametrization of the Compton tensor
Experimental studies of the Compton effect on the nucleon target have a long history, with
theoretical considerations preceding them. The efforts of the past decade focused on the deep
Euclidean kinematics giving access to partonic constituents of matter as we pointed about in
the previous few sections. Over the years various parametrizations of the hadronic tensor were
devised tailored to the specific needs of observables of interest. The story goes back to Prange
[20] who provided a decomposition originally given in terms of bilinear combinations of Dirac
spinors and often rewritten by means of two-dimensional Pauli spinors [21]. Another widely used
Lorentz-invariant representation was introduced by Tarrach [12] and employed in recent years
for consideration of quasi-real kinematics [4] since this decomposition is free from kinematical
singularities, on the one hand, and with all hadronic functions of kinematical invariants admitting
a well-defined dispersion representation that possess correct analytical properties [2], on the other.
Finally, the developments of the last decade of the formalism of the deeply virtual Compton
scattering were mimicking structures used in the analysis of the forward deep-inelastic scattering
and thus yet another parametrization was devised as a consequence. However, the emerging
Lorentz structures were recovered making use of the OPE for the correlation function (4) of the
quark electromagnetic currents, demonstrating that electromagnetic gauge invariance, broken in
the leading twist approximation, can be approximately restored by accounting for twist-three
effects. More recently this program was pushed beyond the first subleading corrections in Ref.
[17, 18] by incorporating dynamical effects in target mass and momentum transfer in the t-
channel. Seeking a unified picture for observables used at high and low energies, we will rely on the
DVCS set-up for the Compton tensor and construct interpolation between different kinematical
limits for CFFs. We will provide a gauge-invariant decomposition of the Compton tensor starting
from the analysis of the deeply virtual regime and then provide a set of formulas connecting
helicity CFFs (13) with the ordinary CFFs admitting partonic interpretation.
3.1 A toy example
As a pedagogical example, let us first consider a point particle with spin-1/2 as our target. In this
case the electromagnetic current (57) reduces to Jµ = u2γµu1. The Compton matrix element can
be then obtained from familiar lowest-order QED diagrams, i.e., the s- and u-channel hand-bag
graphs, see Eq. (136) below with F1 = 1 and F2 = 0. One can easily verify by means of the Dirac
equation that the resulting Compton scattering tensor exactly respects current conservation.
To find a representation in which gauge the symmetry is explicitly manifested, we employ the
following trick
1 =
6p 6q + 6q 6p
2 p · q ,
the equations of motion
6p u1 = 2Mu1 + 6∆ u1 , u¯2 6p = 2Mu¯2 − u¯2 6∆ ,
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and subsequent use of the Dirac-matrix algebra. This procedure yields a tensor containing non-
flip “transverse” contributions only as a consequence of the leading-order approximation,
T p.p.µν = −
[
gµν − q1µpν
p · q −
q2νpµ
p · q +
q1 · q2
p · q
pµpν
p · q
]
q · Vp.p.
p · q (98)
−
[
εµνqρ + εq∆νρ
(
q2µ
q1 · q2 −
pµ
2p · q
)
+ εq∆µρ
(
q1ν
q1 · q2 −
pν
2p · q
)]
2q1 · q2
q21 + q
2
2
Aρp.p.
p · q .
Note that the kinematical pole in the projection operators
q1ν
q1 · q2 −
pν
2p · q and
q2µ
q1 · q2 −
pµ
2p · q ,
is removed by the overall factor of q1 · q2 in Eq. (98). The vector and axial-vector CFFs in the
tensor (98) have a very simple form and read for an on-shell final-state photon
V ρp.p. = u¯2γ
ρu1Hp.p. , Hp.p. = −(2 − xB)Q
2 − xBt
2Q2
[
1
1− xB +
1
1 + xBtQ2
]
, (99)
Aρp.p. = u¯2γ
ργ5u1H˜p.p. , H˜p.p. = −(2 − xB)Q
2 − xBt
2Q2 (1 + tQ2)
[
1
1− xB −
1
1 + xBtQ2
]
. (100)
Here, the CFFs have only two physical poles at s =M2 and u =M2, showing up in our variables
at xB = 1 and xB = −Q2/t, respectively, and they have the proper symmetry under s ↔ u
exchange. Moreover, these CFFS are free of kinematical singularities and are related to each
other by a multiplicative factor
H˜p.p. = xB
2− xB + xBtQ2
Hp.p. , or H˜p.p. = Q
2
s− uH
p.p. . (101)
We emphasize that even with the definitions (99) and (100), the form of the hadronic tensor
is not uniquely fixed, rather by means of the Dirac equation and the relation (101) one can
find a different, however, equivalent forms of the Compton scattering tensor. On the other
hand, if a frame of reference is picked up, the helicity amplitudes (13) are independent of any
parametrization ambiguities. However, we remind that the relation between these helicity CFFs
and “partonic” CFFs does heavily depend on the chosen tensor decomposition.
Let us employ our parametrization of the helicity-dependent CFFs (14)–(15), used for evalu-
ation of the differential cross sections in the preceding section, where we adopted the projection
of the (axial-) vector CFFs with the averaged photon momentum mµ = qµ/q · p. These CFFs
can be straightforwardly computed from the original tree diagrams. Alternatively, we may stick
to the (axial-)vector CFFs (99) and (100) and compute the helicity amplitudes starting from Eq.
(98). This is the route that we will choose in the realistic case of composite target below. The
result of this analysis can be summarized in the following set of helicity CFFs,
Hp.p.+b =
[
1 + b
√
1 + ǫ2
2
√
1 + ǫ2
+
(1− xB)
(
1 + tQ2
)
ǫ2 − (2− xB + xBtQ2 ) x2BtQ2√
1 + ǫ2
(
2− xB + xBtQ2
)2
]
Hp.p. , (102)
Ep.p.+b =
ǫ2
(
1 + tQ2 − 2(1− xB) tQ2
)
√
1 + ǫ2
(
2− xB + xBtQ2
)2 Hp.p. , (103)
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H˜p.p.+b =
[
1 + b
√
1 + ǫ2
2
√
1 + ǫ2
(
1− tQ2
)
+
1√
1 + ǫ2
xBt
Q2
]
H˜p.p. , (104)
E˜p.p.+b =
4M2
Q2
[
1 + b
√
1 + ǫ2
2
√
1 + ǫ2
(
3 +
t
Q2
)
− 1 + (1− xB)
t
Q2√
1 + ǫ2
]
H˜p.p. , (105)
Hp.p.0+ = −
√
2 xB K˜
(
2− xB + xBtQ2 − 2ǫ2
)
Q√1 + ǫ2 (2− xB + xBtQ2 )2 Hp.p. , (106)
Ep.p.0+ =
2
√
2 ǫ2 K˜
Q√1 + ǫ2 (2− xB + xBtQ2 )2 Hp.p. , (107)
H˜p.p.0+ =
√
2K˜
Q√1 + ǫ2 H˜
p.p. , (108)
E˜p.p.0+ =
4M2
Q2
√
2K˜
Q√1 + ǫ2 H˜
p.p. . (109)
Several comments are in order. As observed in GPD calculations in the twist-three sector, see
Eqs. (84)–(87) in Ref. [1], the CFFs in the vector and axial-vector sector mix with each other,
while in our analysis of a point particle, we eliminated these admixtures by utilizing the relation
(101). Notice that the longitudinal and transverse spin-flip CFFs are power suppressed in the
DVCS kinematics. The longitudinal-to-transverse helicity-flip CFFs (106) and (108) have the
anticipated kinematical K˜-factor in front of them. The transverse-to-transverse helicity-flip CFFs
also do not possess any kinematical singularities but do not have the anticipated kinematical K˜2
factor in front of them, i.e., they do also not vanish at the kinematical boundary t = tmin. Hence,
if one chooses to switch to the definitions such as (19), spurious kinematical 1/K˜2 singularities
appear in expressions for transversity CFFs, see also the map (52)–(55) of such CFFs. Obviously,
such spurious kinematical singularities can be simply pulled out by a redefinition of transversity
CFFs and then they trivially will not appear in cross section expressions. Plugging in our point-
particle results (102)–(109) in the expression for the higher harmonics in the Fourier expansion,
given in Sect. 2.2 and 2.3, we realize that they vanish in the kinematical limit t → tmin as
expected. The basis of helicity dependent CFFs in which this behavior is explicit will be given
in the next paragraph.
We also computed the helicity dependent CFFs associated with the so-called Born term for
the Compton scattering off the nucleon (136), see Eqs. (E.2)–(E.9) in the Appendix E. Again
we observe that the unpolarized and transverse-to-transverse spin-flip CFFs are free of kinemat-
ical singularities, however, certain longitudinal-to-transverse CFFs are suffering now from 1/K˜
poles in the representation of Ref. [1]. The absence of such spurious singularities can be made
transparent by switching to the electric-like2 combinations of CFFs
G0b = H0b + t
4M2
E0b and G˜0b = H˜0b + t
4M2
E˜0b , (110)
where G0b and G˜0b are proportional to the desired kinematical factor K˜, see expressions in Ap-
pendix E. For transverse helicity-flip CFFs we find that G−+ and G˜−+ are now proportional to
t − tmin (not explicitly shown). The redefinitions (110) reparametrize the (axial-)vector matrix
2By analogy with the electric nucleon form factor.
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elements (14), (15) as follows
V(Fab) = 1
p · q u¯2
(
6q Gab +
[
iσρσ
qρ∆σ
2M
− 6q t
4M2
]
Eab
)
u1 (111)
A(Fab) = 1
p · q u¯2
(
6q γ5 G˜ab +
[
γ5
q ·∆
2M
− 6q γ5 t
4M2
]
E˜ab
)
u1 . (112)
It can be verified that the new nucleon helicity structures, proportional to Eab or E˜ab, will yield
a kinematical factor K˜2 in the hadronic C coefficients of both the squared VCS and interference
term. Hence, this guarantees that higher harmonics vanish in the limit t → tmin as they should
and, moreover, we can reshuffle this factor that yields a redefinition
K˜2E0b → E0b and K˜2E˜0b → E˜0b .
This guarantees that the new longitudinal helicity-flip amplitudes have the anticipated K˜ factor
as an overall factor, one the one hand, and that they are free of kinematical singularities, on the
other. The corresponding modifications in Fourier coefficients C are straightforward and do not
require any further comments.
3.2 Constructing Compton scattering tensor
To devise a general parametrization as we advertised above, let us start with the Compton
scattering process off the nucleon for the case when both photons possess large virtualities, such
that the hard scale is set by the Euclidean virtuality Q2 = −q2 with qµ defined in Eq. (11). As
Q2 →∞, the decoherence of the short- and long-range interactions allows one to probe partonic
content of the nucleon via collinear factorization. This approach naturally introduces a pair of
the light-cone vectors nµ and n
∗
µ, such that n · n = n∗ · n∗ = 0 and n · n∗ = 1, since partons
propagate along the light cone. However, these cannot be fixed uniquely in terms of the external
momenta of the process. Restricting to the leading terms in the 1/Q-expansion, i.e., the so-called
twist-two approximation, the result for the Compton scattering tensor is cast to the following
form3
Tµν = −g⊥µν n · VT − iε⊥µν n · AT +
(
q22
n∗ · q n
∗
µ − q2µ
)(
q21
n∗ · q n
∗
ν − q1ν
)
n · VL + τ⊥µν;ρσ
∆ρT σ
M2
.
(113)
Here the first two terms on the r.h.s. were computed in numerous papers (in particular for DVCS
kinematics). The third term after the equality sign contains a purely longitudinal part and
appears at next-to-leading order in QCD coupling [22] mimicking the violation of the Callan-
Gross relation in deep-inelastic scattering. The forth term stems from the double photon-helicity
flip and is perturbatively induced at one-loop by the gluon transversity GPDs [23]. The projection
on the leading-twist structures in Eq. (113) is achieved by the means of the tensors
g⊥µν = gµν − nµn∗ν − nνn∗µ , ε⊥µν = εµν−+ , τ⊥µν;ρσ =
1
2
[
g⊥µρg
⊥
νσ + g
⊥
µσg
⊥
νρ − g⊥µνg⊥ρσ
]
. (114)
3Notice that the T label used here does not have anything to do with the T -subscript adopted earlier to label
the transversity CFFs in Eqs. (52)–(55) as well as (122) below.
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The vector V ρT (V
ρ
L ) and the axial-vector A
ρ
T CFFs describe transition amplitudes when the trans-
verse (longitudinal) photon helicity is (nearly) conserved while T ρ is associated with the afore-
mentioned transverse photon helicity-flip contribution. As a consequence of the leading-twist
approximation, eight longitudinal–to–transverse and transverse–to–longitudinal photon helicity-
flip amplitudes are absent and, moreover, the Compton scattering tensor (113) respects current
conservation only to leading order in 1/Q. However, once one goes beyond the twist-two ap-
proximation in the OPE analysis of the hadronic tensor, these missing amplitudes emerge and
moreover, making use of QCD equation-of-motions, the electromagnetic current conservation gets
restored up to the same accuracy. Thus the ambiguity in the construction of the Lorentz tensors
is pushed up to the next order in the 1/Q2 expansion.
Since we would like to stay as close as possible to the VCS tensor decomposed in terms
of Lorentz structures that have a simple limit in the deeply virtual regime, below we propose
a parametrization motivated by Eq. (113) that can also be used for quasi-real (or real) pho-
tons without encountering kinematical singularities. Thereby, we impose the following natural
requirements
• manifest current conservation and Bose symmetry;
• a close match with conventions used in deeply virtual Compton kinematics;
• singularity-free kinematical dependence.
Instead of the light-cone vectors we employ the external particle vectors in the construction of
the tensors. To make the tensors dimensionless, we use the scalar product p · q = (s − u)/2,
proportional to the positive energy variable ν, in denominators. Equipped with the above condi-
tions and building blocks, the transverse metric tensor entering the leading-twist parametrization,
which received corrections from the twist-three effects mentioned above, gets promoted to the
following expression
g⊥µν → g˜µν = gµν −
q1µpν
p · q −
q2νpµ
p · q +
q1 · q2
p · q
pµpν
p · q , (115)
where the twist-four component pµpν follows from the expansion of g
⊥
µν . This tensor already
appeared in our toy example (98) and its gauge invariance is easily verified by making use of the
relations
p · qi = p · q since qν1 = qν +∆ν/2 and qµ2 = qµ −∆µ/2 with p ·∆ = 0 .
Going to the Breit frame, where the transverse momentum is entirely carried by the nucleons,
i.e., p⊥2 = −p⊥1 and q⊥i = 0, one realizes that the gauge invariant tensor (115) projects onto
photons with the same transverse helicity, having even parity in the t-channel. The counterpart
of this contribution, having t-channel odd parity, is expressed in terms of the Levi-Civita tensor
that generalizes the above ε⊥µν beyond leading twist,
ε⊥µν → ε˜µν =
1
p · q
[
εµνpq +
pµ
2 p · q ε∆νpq − εµ∆pq
pν
2 p · q + εµν∆q
p · p
2 p · q
]
. (116)
Here, we added for later convenience a power suppressed p · p/p · q-term, which respects current
conservation by itself. The coupling of longitudinal and transverse photon helicity states may be
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naturally encoded in terms of the following tensor structures(
q2µ − q
2
2
p · qpµ
)(
gνρ − pν q
ρ
1
p · q
)
and
(
q1ν − q
2
1
p · qpν
)(
gµρ − pµ q
ρ
2
p · q
)
,
which are to be contracted with vector CFFs. Here the projectors, satisfying the relations(
gµρ − p
µ qρ2
p · q
)
pρ = 0 ,
(
gνρ − p
ν qρ1
p · q
)
pρ = 0 , (117)(
gµρ − p
µ qρ2
p · q
)
∆ρ = ∆
µ
⊥ +
t
2p · qp
µ ,
(
gνρ − p
ν qρ1
p · q
)
∆ρ = ∆
ν
⊥ −
t
2p · qp
ν ,
where ∆ρ⊥ = ∆
ρ − ηpρ, ensure the electromagnetic gauge invariance. Notice that in the above
tensors the longitudinal components were chosen in the form4,
q2µ − q
2
2
p · qpµ and q1ν −
q21
p · qpν .
Obviously, they do not contribute in the real photon limit. Last but not least, the current conser-
vation in the transverse helicity-flip amplitudes can be implemented by utilizing the transverse
projectors (117), yielding the substitution
τ⊥µν;ρσ
∆ρT σ
M2
→
(
g αµ −
pµ q
α
2
p · q
)(
g βν −
pν q
β
1
p · q
)
τ⊥αβ;ρσ
∆ρT σ
M2
. (118)
It is important to realize that a different choice of dual light-cone vectors will result into a
parameterization, where the kinematically suppressed effects will be incorporated in a different
fashion, see discussions in Ref. [13].
By analogy with the hadronic electromagnetic current, decomposed in terms of the Dirac
bilinears accompanied by Dirac and Pauli form factors (57), we now introduce a similar represen-
tation for the VCS in CFFs, expanded in terms of the longitudinal and transverse components.
To generalize the first three terms in r.h.s. of Eq. (113) to the setup incorporating the exact kine-
matics, we replace the light-cone vector n projecting out the (axial-)vector CFFs by the average
photon momentum q, whose leading component is indeed n but it also encodes subleading twist
effects as well. Then we use the following expansion
V ρi = u¯2
(
pρ
p · q
[
6qH + iσαβ q
α∆β
2M
E
]
+
∆ρ⊥
p · q
[
6qHi + iσαβ q
α∆β
2M
Ei
])
u1 , (119)
Aρi = u¯2
(
pρ
p · q
[
6qγ5 H˜ + ∆ · q
2M
γ5 E˜
]
+
∆ρ⊥
p · q
[
6qγ5 H˜i + q ·∆
2M
γ5 E˜i
])
u1 , (120)
with the subscript i standing for i ∈ {T,L}. The same expansion can be adopted for the
i ∈ {LT,TL} cases. However, for these, the component proportional to pρ will not contribute to
the VCS and can be ignored, while the transverse part is approximatively expressible in terms
of twist-three CFFs introduced earlier, namely,
FLT tw−3= F3+ −F3− , FTL tw−3= F3+ + F3− . (121)
4In previous studies on the subject, we wrote the longitudinal pieces in terms of q1µ − q1 · q2 pµ/p · q and
q2ν − q1 · q2 pν/p · q, which to twist-three accuracy can be replaced by the vectors that are displayed above.
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To write the transversity CFFs in the same form, let us recall the following facts about the
amplitude Tρ entering the leading twist DVCS tensor (113). It is parametrized by four transverse
photon helicity-flip amplitudes [1] according to the suggestion of [19] as follows
Tσ = u2
[
iσασ
qα
p · qH
[19]
T +
∆⊥σ
2M2
H˜[19]T +
1
2M
( 6q
p · q∆σ −
∆ · q
p · q γσ
)
E [19]T +
6qpσ − γσp · q
2Mp · q E˜
[19]
T
]
u1 .
(122)
However, this can be represented analogously to Eqs. (119) and (120) in terms of two parity-even
and -odd Dirac bilinears
V ρTT =
pρ
p · q u¯2
[
6qHT + iσαβ q
α∆β
2M
ET
]
u1 , (123)
AρTT =
pρ
p · q u¯2
[
6qγ5 H˜T + ∆ · q
2M
γ5 E˜T
]
u1 , (124)
that are proportional to ∆⊥σ and ∆˜
⊥
σ = εσ∆pq/p · q, respectively,
Tρ
(F [19]T ) = ∆⊥ρ q · VTT(FT )p · q + i∆˜⊥ρ q · ATT(FT )p · q +O(1/Q2) , (125)
where ∆˜⊥µ is transverse with respect to both photon momenta q1 and q2. The relation among the
two sets of CFFs, introduced in Eq. (122) and Eqs. (123), (124), respectively, is found to be
HT = H[19]T + E [19]T + 2H˜[19]T −
t
t + (4M2 − t)
(
η2 + ξ2 t
Q2
) [(1− η2)H[19]T − η2E [19]T − ηE˜ [19]T ] ,
(126)
ET = −2H˜[19]T +
4M2
t + (4M2 − t)
(
η2 + ξ2 t
Q2
) [(1− η2)H[19]T − η2E [19]T − ηE˜ [19]T ] , (127)
H˜T = 4M
2
t+ (4M2 − t)
(
η2 + ξ2 t
Q2
) [ηH[19]T + η t4M2E [19]T + t4M2 E˜ [19]T
]
, (128)
E˜T = 4M
2
η t
H[19]T −
4M2
t+ (4M2 − t)
(
η2 + ξ2 t
Q2
) [η 4M2
t
H[19]T + ηE [19]T + E˜ [19]T
]
, (129)
which reduce in the real photon case q22 = 0 to Eqs. (126)–(129). Notice that the convenience of
the representation (125) had forced us to introduce kinematical singularities into the transverse
CFFs. These are exhibited in the VCS kinematics as poles in t− tmin,
t + (4M2 − t)
(
η2 + ξ2
t
Q2
)
= − 4K˜
2
(2− xB + xBtQ2 )2
∝ (t− tmin),
Since in the helicity amplitudes the transversity CFFs are multiplied with K˜2, these poles will
be canceled and, moreover, if we change in the expressions for the cross section back to the basis
of Ref. [19], we will find in the transversity sector the CFFs are appropriately accompanied by a
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factor of K˜2 so that Fourier harmonics possess the expected behavior in the t → tmin limit, see
discussion in Sect. 2.2.
Having defined the tensor structures and the corresponding CFFs, we are now in a position
to write down the complete Compton scattering tensor:
Tµν = −g˜µν q · VT
p · q + iε˜µν
q · AT
p · q +
(
q2µ − q
2
2
p · qpµ
)(
q1 ν − q
2
1
p · qpν
)
q · VL
p · q
+
(
q1 ν − q
2
1
p · qpν
)(
gµρ − pµ q2 ρ
p · q
)[
V ρLT
p · q +
iǫρqpσ
p · q
AσLT
p · q
]
(130)
+
(
q2µ − q
2
2
p · qpµ
)(
gνρ − pν q1 ρ
p · q
)[
V ρTL
p · q +
iǫρqpσ
p · q
AσTL
p · q
]
+
(
g ρµ −
pµ q
ρ
2
p · q
)(
g σν −
pν q
σ
1
p · q
)[
∆ρ∆σ + ∆˜
⊥
ρ ∆˜
⊥
σ
2M2
q · VTT
p · q +
∆ρ∆˜
⊥
σ + ∆˜
⊥
ρ∆σ
2M2
q · ATT
p · q
]
,
where the electromagnetic gauge invariance is implemented exactly. From our exact parameteri-
zation of the tensor (130) we can now find the helicity-dependent CFFs Fab used in Sect. 2.2 and
2.3 for the evaluation of the cross sections in the target rest frame. Comparing Eq. (13) with
(130) projected onto the photon polarization vectors, we find
F+b =
[
1 + b
√
1 + ǫ2
2
√
1 + ǫ2
+
(1− xB)x2B(4M2 − t)
(
1 + tQ2
)
Q2√1 + ǫ2 (2− xB + xBtQ2 )2
]
FT (131)
+
1− b√1 + ǫ2
2
√
1 + ǫ2
2K˜2
M2
(
2− xB + xBtQ2
)2FTT + 4x2BK˜2Q2√1 + ǫ2 (2− xB + xBtQ2 )3FLT ,
F0+ = (−1)
√
2 K˜√
1 + ǫ2Q (2− xB + xBtQ2 )
{
2xB
2− xB + xBtQ2
[
1 +
2x2B (4M
2 − t)
Q2 (2− xB + xBtQ2 )
]
FLT (132)
+xB
[
1 +
2xB(4M
2 − t)
Q2 (2− xB + xBtQ2 )
]
FT + 4x
2
BM
2 − (2xB + ǫ2) t
2M2
(
2− xB + xBtQ2
) FTT
}
,
where b = ±1 is the helicity of the real photon. Notice that the longitudinal helicity-flip CFFs
(132) are proportional to the kinematical factor K˜. Moreover, the transverse photon helicity-flip
CFFs (131) with b = −1 are mostly proportional to K˜2, except for the term
1−√1 + ǫ2
2
√
1 + ǫ2
+
(1− xB)x2B(4M2 − t)
(
1 + tQ2
)
Q2√1 + ǫ2 (2− xB + xBtQ2 )2 =
tmin − t
Q2
1 +
√
1 + ǫ2 − 2xB
2
(
2− xB + xBtQ2
)2 (133)
×
[
4(1− xB)1−
√
1 + ǫ2
2
√
1 + ǫ2
+
(
1 + tQ2
)
x2B√
1 + ǫ2
]
,
which is proportional to tmin− t. Here, the r.h.s. of this relation may also be written as K˜2/(t−
tmax), see Eq. (8). Let us also point out that the transformations (131,132) exist in the limit
s → M2 or u → M2. In the simultaneous limit, where (2 − xB + xBt/Q2) ∝ (s − u) vanishes,
we encounter 1/(s− u) singularities that are associated with the longitudinal helicity-flip CFFs.
This artifact may appear as an obstacle only in the low-energy expansion and can be overcome
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in a straightforward manner, either by removing this singularity by a simple reparametrization
of the VCS tensor (130), e.g., FLT → (p · q/M2)FLT, or be regarded as a constraint for the low
energy behavior of its CFFs.
For completeness we also quote in Appendix C the form of the helicity transitions for the
hadronic tensor parametrization introduced by Tarrach [12]. The latter does not suffer from
kinematical singularities as well and it will be used in the next section in the low-energy expansion.
Thereby, we find that with the CFF basis (110)–(112) the map is singularity-free for any values
of kinematical variables, i.e., as for Born amplitudes the “electric” longitudinal helicity-flip CFFs
are proportional to the kinematical factor K˜, as one can read off from explicit formulae (C.14)–
(C.25), while the 1/K˜- behavior of the remaining functions can be absorbed by their rescaling,
as suggested in the preceding section. An analogous structure holds for the map of the transverse
helicity-flip amplitudes [not explicitly shown in Eqs. (C.26)–(C.37)], where again the “electric”
combination of CFFs is always anticipated with a factor t− tmin.
4 Generalized polarizabilities and low energy expansion
Having discussed at length the deeply virtual regime that gives access to GPDs and provides a
set of observables that exactly account for kinematically suppressed effects, let us turn to the
opposite limit when the incoming photon becomes quasi-real or even real. In fact the formalism
presented in the previous sections can also be utilized in these cases as well. In doing so, we set
xB = Q2/(s+Q2 −M2) as we take the limit Q2 → 0 where s = (p1 + q1)2 is the center-of-mass
energy in the real Compton scattering process. Obviously, the Bjorken and the ǫ variables vanish
as Q2 tends to zero, while the K˜-factor takes the following value
lim
Q2→0
K˜ =
√
−t
(
1 +
t s
(s−M2)2
)
.
To start with, it is easy to verify that for a point-like particle the longitudinal spin-flip CFFs
H0+, E0+, H˜0+ and the combination E0+ = (∆ · q/p · q) E˜0+ ∝ Q2E˜0+ entering the C-coefficients
all vanish as Q2 → 0. The real-photon limit also exists for the remaining eight transverse-
helicity CFFs, where E±+ vanish. Thus, as it is known, six amplitudes remain for real Compton
scattering. No further peculiarities arise in the squared DVCS amplitudes presented in Sect. 2.2,
and thus they can be used in a straightforward fashion to recover, e.g., the Klein-Nishina formula
and its extension to a polarized point-like target from the helicity-dependent CFFs (102)–(109),
d2σ
d cos(θγγ)dϕ
=
R2
2
(
ω′
ω
)2 [
ω
ω′
+
ω′
ω
− sin2(θγγ) (134)
+ λΛ
(
ω
ω′
− ω
′
ω
)
cos(θγγ) cos(θ)− λΛ
(
1− ω
′
ω
)
sin(θγγ) sin(θ) cos(ϕ)
]
.
Here R = αem/M is the classical radius of the point particle and ω is the energy of the initial-state
photon,
ω′ =
ω
1 + ω
M
[1− cos(θγγ)]
is the energy of the outgoing photon, while θγγ is the photon scattering angle in the laboratory
frame. This provides a further consistency cross-check on our analytical results.
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Since we have devised a parametrization of the Compton tensor in the previous section that
can be used for any kinematical settings, we can relate our CFFs to Polarizabilities and their
generalizations used in the description of the deformation response of the nucleon to the external
long-wave electromagnetic probe. To define the generalized polarizabilities, let us recall that
according to the Low’s theorem [24], in the low-energy expansion of the Compton amplitude in
the energy of the outgoing photon q02 = ω
′, the pole (ω′)−1 and the constant (ω′)0 terms are
entirely determined by the elastic form factors of the nucleon F1 and F2. However, the linear in
ω′-term in the expansion has yet another component that cannot be solely expressed in terms of
the form factors and is encoded through generalized polarizabilities. These are functions of the
incoming photon three-momentum. Depending on the polarization of the incoming and outgoing
photons and their multipolarity, one can introduce ten different functions. To do it in a consistent
fashion without the contamination from the form factor contributions, one conventionally splits
the total Compton amplitude into the Born term and the rest,
T µν = T µνBorn + T
µν
non−Born , (135)
where the first contribution T µνBorn stems from the nucleon exchange between the electromagnetic
vertices,
T µνBorn = −4παem u¯2 Γµ(−q2) ( 6p2 + 6q2 −M)−1 Γν(q1) u1 + (cross term) , (136)
with the Γ’s defined in Eq. (57). As we pointed out above, its low-energy expansion starts with
the inverse power of the photon energy, while the leading term in T µνnon−Born is O(ω
′). In complete
analogy with static multipoles that yield electric and magnetic dipoles for the linear coordinate
moments of charge densities, in order to generate a linear in ω′ effect, the outgoing photon should
be either electric or magnetic. Thus the polarizabilities are labelled by the type ρ1(ρ2) of the
incoming (outgoing) photon, with ρ ∈ {0, 1, 2} corresponding to scalar, magnetic and electric
multipoles, respectively, the initial (final) orbital momentum L1(L2) and spin-flip nature of the
transitions with S ∈ {0, 1} standing for nonflip and flip, accordingly, P (ρ2L2,ρ1L1)S. The final state
electric multipoles can be traded in terms of other charge multipoles via the Siegert’s theorem
[25], while the initial state electric sector reduces to the charge ones only up to an additional
contribution from the so-called mixed generalized polarizabilities P (ρ2L2,L1)S [3].
We use the center-of-mass frame as spelled out in the Appendix D for relating our helicity
CFFs to generalized polarizabilities. The low-energy expansion is performed with respect to the
energy of the outgoing photon ω′, with polarizabilities being functions of the momentum of the
incoming virtual quantum q¯. Two of the generalized polarizabilities are q¯2-generalization of the
electric α and magnetic β polarizabilities measured in real Compton scattering,
P (01,01)0(q¯2) = −
√
2
3
α(q¯2)
αem
, P (11,11)0(q¯2) = −
√
8
3
β(q¯2)
αem
, (137)
with factored out dependence on the fine structure constant αem. As an intermediate step, we
constructed the low-energy expansion for CFFs in terms of twelve Tarrach’s structure functions
fi. The results are presented in the Appendix D.1. However, imposing the implications of the
charge conjugation symmetry and nucleon crossing, some of the f ’s vanish at low energy, i.e., f3,
f4, f8 and f10 are of order O(ω
′) and thus vanish at leading order [4]. This yields a set of relations
for the ten generalized polarizabilities resulting in just six independent ones. We verified along
27
the way the low-energy expansion for the A amplitudes defined by Guichon et al. in terms of the
Tarrach’s structure functions fi calculated in Ref. [4].
The helicity CFFs then read in terms of generalized polarizabilities, where we neglect the
Born contribution and suppress all higher order terms in ω′:
• (+1,+1) helicity CFFs
H++ = ω
′
2
√
2
√
Ei
Ei +M
{
M
[
6q¯P (11,11)1 +
√
6(q¯ − ω0)P (11,11)0(1 + cosϑ)
]
+ 3q¯
[
(q¯ cosϑ− ω0)P (11,11)1 +
√
2q¯(q¯ − ω0 cos ϑ)P (01,12)1
]}
, (138)
E++ = ω
′M
2
√
2q¯
√
Ei
Ei +M
{
6(2M − ω0)(2M − ω0 + q¯ cosϑ)P (11,11)1 (139)
+
√
2q¯
[
6ω0(ω0 − 2M)P (01,12)1 cos ϑ+
√
3ω0P
(11,11)0(1 + cos ϑ) + q¯
[
6(2M − ω0)P (01,12)1
−
√
3P (11,11)0(1 + cos ϑ)
]]}
,
H˜++ = 3ω
′q¯3(q¯ − ω0 cosϑ)
4ω20
√
Ei
Ei +M
{√
2P (11,11)1 − 2ω0P (01,12)1
}
, (140)
E˜++ = 3ω
′Mq¯2(2M − ω0 + q¯ cosϑ)
2ω20
√
Ei
Ei +M
{√
2P (11,11)1 − 2ω0P (01,12)1
}
, (141)
• (0,+1) helicity CFFs
H0+ = −ω
′√−Mω0
2
√
2q sin θ
√
Ei
Ei +M
{
2
√
3(q − ω0 cos θ)P (11,00)1 + q
[
3ω0P
(01,01)1 − 6qP (01,01)1 cos θ
+
√
6q(q − ω0 cos θ)P (11,02)1 + 3ω0P (01,01)1 cos 2θ + 2
√
6MP (01,01)0(1− cos 2θ)
]}
,
(142)
E0+ = −ω
′M
√−Mω0√
2ω0q sin θ
√
Ei
Ei +M
{
ω0
[
(2M − ω0)
(
6P (01,01)1 +
√
6ω0P
(11,02)1
)− 2√3P (11,00)1] cos θ
+ q
[
2
√
3P (11,00)1 + ω0
[√
6P (01,01)0 + 3P (01,01)1 +
√
6(ω0 − 2M)P (11,02)1
]
+ ω0
[
3P (01,01)1 −
√
6P (01,01)0
]
cos 2θ
]}
, (143)
H˜0+ = − ω
′M(q − ω0 cos θ)
2
√
2b sin θ
√−Mω0
√
Ei
Ei +M
{
6qP (01,01)1 −
√
3
(
2P (11,00)1 +
√
2q2P (11,02)1
)
cos θ)
}
,
(144)
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E˜0+ = −ω
′M(q − ω0 cos θ)
√−Mω0√
2bω20 sin θ
√
Ei
Ei +M
{
6qP (01,01)1 −
√
3
(
2P (11,00)1 +
√
2q2P (11,02)1
)
cos θ
}
.
(145)
• (−1,+1) helicity CFFs
H−+ = ω
′
2
√
2
√
Ei
Ei +M
{
3
√
2q¯3P (01,12)1 − 3ω0q¯P (11,11)1 +M
[
6q¯P (11,11)1 +
√
6(ω0 + q¯)P
(11,11)0
]
−
[√
6M(ω0 + q¯)P
(11,11)0 − 3q¯2(P (11,11)1 −√2ω0P (01,12)1)] cos ϑ} , (146)
E−+ = ω
′M
2
√
2q¯
√
Ei
Ei +M
{√
6q¯(ω0 + q¯)P
(11,11)0(cosϑ− 1) (147)
+ 6(2M − ω0)(2M − ω0 + q¯ cosϑ)P (11,11)1 − 6
√
2
[
ω0(ω0 − 2M)2 − q¯3 cosϑ
]
P (01,12)1
}
,
H˜−+ = 3ω
′q¯3(q¯ − ω0 cosϑ)
4ω20
√
Ei
Ei +M
{
2ω0P
(01,12)1 −
√
2P (11,11)1
}
, (148)
E˜−+ = 3ω
′Mq¯2(ω0 − 2M − q¯ cosϑ)
2ω20
√
Ei
Ei +M
{√
2P (11,11)1 − 2ω0P (01,12)1
}
, (149)
where we introduced the convention for the initial-state energy under the condition of the van-
ishing final-state one [4],
ω0 ≡ ω|ω′=0 =M − Ei =M −
√
M2 + q¯2 , (150)
where Ei is the incoming nucleon’s energy.
5 Conclusions
In this paper we developed a unified framework for virtual Compton scattering that uses helicity
Compton form factors for the analysis of different regimes of the processes, interpolating between
deeply virtual and quasi-real. The main ingredients of our consideration include: a clear sepa-
ration between the leptonic and hadronic components via computation of helicity amplitudes in
the target rest frame and an exact reconstruction of the kinematical tensor decomposition for the
hadronic Compton amplitude. The target rest frame is special since the entire dependence on
the azimuthal angle of the photon-nucleon scattering plane is encoded in the leptonic part of the
cross section that was calculated exactly, overcoming the limitation of the scheme from Ref. [1]
adopted previously for the analysis of electroproduction. Since partial results for the hadronic
helicity amplitudes with unpolarized and longitudinally polarized targets were available before,
we complemented them with the ones for the transversally polarized nucleon as well. We also
incorporated the double photon helicity-flip amplitudes, induced by the gluon transversity GPDs,
into the analysis. To relate the helicity CFFs with the conventional ones emerging in the OPE
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analysis of the Compton amplitude, we introduced an exact Lorentz decomposition for the latter
that is free from kinematical singularities and computed the relations exactly.
The formalism presented here will be implemented in existing CFF/GPD fitting codes for the
deeply virtual kinematics [26, 27]. This is required for an unbiased random variable map of an
(almost) complete DVCS measurement by the HERMES collaboration [28, 29, 30, 31], providing
34 asymmetries in 12 kinematical bins, into the space of CFFs. Another advantage of such a tool
is that one can easily switch between various “parton-to-hadron” conventions, which will allow
one for a precise numerical cross check with other existing software packages, which are adopted
for GPD model predictions [32, 33]. In addition, the kinematical power-suppressed corrections
from Ref. [17, 18] can be conveniently taken into account relying on our formalism, thereby,
avoiding a recalculation of the leptoproduction cross section.
The second part of the paper is dedicated to the consideration of the low-energy limit of
Compton scattering and relation of the CFFs to the generalized polarizabilities in the center-of-
mass frame. Along the way, we re-expressed our helicity form factors in terms of the structure
functions of the VCS amplitude introduced by Tarrach, as well as defined their low-energy ex-
pansion. Our formulae set allows one to provide in a rather straightforward manner the low
energy expansion of the cross section for all possible polarization options in terms of generalized
polarizabilities in an analytic form. This may, as in the DVCS case, provide a useful guideline
for further experimental measurements. Our analysis suggests a complementary approach to
low-energy limit: instead of relying on a low energy expansion in order to extract generalized
polarizabilities, where a subtraction procedure (yielding its own ambiguities) is needed to extract
genuine information about nucleon deformation, one may adopt the known scheme used in DVCS
kinematics and seek a complete measurement of CFFs at low final state photon energies.
In summary, our work, in addition to providing new results for exact kinematical treatment
of real photon leptoproduction, can be viewed as a formalism that uses the same set of hadronic
variables, i.e., CFFs, at large and low virtuality of the initial state photon and provides a concise
dictionary for translating the former to generalized polarizabilities at low energies. This could
provide a unified framework for experimental studies of CFFs in the entire range of virtualities.
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A Kinematical decomposition in target rest frame
Let us first quote particles’ momenta involved in scattering in the rest frame of the target. The
components of the corresponding four-vectors read
p1 = (M, 0, 0, 0) , q1 =
Q
ǫ
(
1, 0, 0,−
√
1 + ǫ2
)
, k =
Q
yǫ
(1, sin θl, 0, cos θl) , (A.1)
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with the lepton scattering angle being
cos θl = −
1 + yǫ
2
2√
1 + ǫ2
, sin θl =
ǫ
√
1− y − y2ǫ2
4√
1 + ǫ2
. (A.2)
The outgoing momenta are parameterized in terms of the scattering angles in the hadronic plane,
see Fig. 1,
q2 =
Q2 + xBt
2MxB
(1, cosϕγ sin θγ , sinϕγ sin θγ , cos θγ) , (A.3)
p2 =
(
M − t
2M
,
√
−t + t
2
4M2
cosφ sin θp,
√
−t + t
2
4M2
sinφ sin θp,
√
−t + t
2
4M2
cos θp
)
,
(A.4)
where the polar angles read in terms of the kinematical variables of the phase space
cos θγ = −
1 + ǫ
2
2
Q2+t
Q2+xBt√
1 + ǫ2
, cos θp = − ǫ
2(Q2 − t)− 2xBt
4xBM
√
1 + ǫ2
√
−t + t2
4M2
. (A.5)
The azimuthal angle of the photon ϕγ is related to the one of the outgoing hadron φ via ϕγ = φ+π.
The photon polarization vectors (6), (7) can be kinematically decomposed in term of those
involved in the virtual Compton scattering process as follows:
εµ1(0) = −
1
Q√1 + ǫ2 q
µ
1 −
2xB
Q√1 + ǫ2 p
µ
1 (A.6)
εµ1(±1) =
√
1 + ǫ2√
2K˜
[
∆µ − ǫ
2 (Q2 − t)− 2xBt
2Q2 (1 + ǫ2) q
µ
1 + xB
Q2 − t+ 2xBt
Q2 (1 + ǫ2) p
µ
1
]
∓ xB√
2K˜
iǫ µpq∆
Q2 ,(A.7)
εµ2(±1) =
1 + ǫ
2
2
Q2+t
Q2+xBt√
2K˜
[
∆µ − ǫ
2 (Q2 − t)− 2xBt
2Q2 (1 + ǫ2) q
µ
1 + xB
Q2 − t+ 2xBt
Q2 (1 + ǫ2) p
µ
1
]
+
K˜√
2 (1 + ǫ2) (Q2 + xBt)
[
ǫ2 qµ1 − 2 xB pµ1
]∓ xB√
2K˜
iǫ µpq∆
Q2 , (A.8)
where K˜ is defined in Eq. (8). Analogously one finds for the nucleon polarization vector (31)
SµL =
1√
1 + ǫ2
[
1
M
pµ1 −
ǫ
Q q
µ
1
]
, (A.9)
SµT =
√
1 + ǫ2
K˜
[
∆µ − ǫ
2 (Q2 − t)− 2xBt
2Q2 (1 + ǫ2) q
µ
1 + xB
Q2 − t+ 2xBt
Q2 (1 + ǫ2) p
µ
1
]
cos(ϕ)− xB
iK˜
iε µpq∆
Q2 sin(ϕ) .
(A.10)
The photon polarization vectors (A.6)–(A.8) remain well defined in the whole physical region
including the phase-space boundary t = tmin where K˜ vanishes.
We add the following useful relation that was used multiple times in simplification of analytical
results
K˜2
Q2 = −
(
1 +
t
Q2
)2
ǫ2
4
− (1− xB)
(
1 +
xBt
Q2
)
t
Q2 . (A.11)
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B Fourier harmonics of the leptonic tensor
Let us present explicit expressions for the Fourier coefficients entering the leptonic part of the
interference term (56), see Sect. 2.3. As in Ref. [1], we use the following shorthand notation
K =
√
1− y − ǫ
2
4
y2
K˜
Q ,
where t′ is
t′ = t− tmin .
B.1 Unpolarized and transversally polarized TP− target
The angular coefficients for unpolarized target and the transversally polarized TP− part are
given by the expressions
Cab(n) , C
V
ab(n) , C
A
ab(n) , for n ∈ {0, 1, 2, 3} ,
Sab(n) , S
V
ab(n) , S
A
ab(n) , for n ∈ {1, 2} .
Note that these coefficients are identical with Cunp,···ab (n) and S
unp,,···
ab (n)/λ of Ref. [11] and that
the third odd harmonics, i.e.,
Sab(n = 3) = S
V
ab(n = 3) = S
A
ab(n = 3) = 0 ,
and the following third even harmonics in longitudinal helicity flip CFFs
C0b(n = 3) = C
V
0b(n = 3) = C
A
0b(n = 3) = 0
vanish and will be not listed.
• Conserved photon-helicity coefficients:
C++(n = 0) = −
4(2− y) (1 +√1 + ǫ2)
(1 + ǫ2)2
{
K˜2
Q2
(2− y)2√
1 + ǫ2
(B.1)
+
t
Q2
(
1− y − ǫ
2
4
y2
)
(2− xB)
(
1 +
2xB
(
2− xB +
√
1+ǫ2−1
2
+ ǫ
2
2xB
)
t
Q2 + ǫ
2
(2− xB)(1 +
√
1 + ǫ2)
)}
,
CV++(n = 0) =
8(2− y)
(1 + ǫ2)2
xBt
Q2
{
(2− y)2K˜2√
1 + ǫ2Q2 +
(
1− y − ǫ
2
4
y2
)
1 +
√
1 + ǫ2
2
×
(
1 +
t
Q2
)(
1 +
√
1 + ǫ2 − 1 + 2xB
1 +
√
1 + ǫ2
t
Q2
)}
,
CA++(n = 0) =
8(2− y)
(1 + ǫ2)2
t
Q2
{
(2− y)2K˜2√
1 + ǫ2Q2
1 +
√
1 + ǫ2 − 2xB
2
−
(
1− y − ǫ
2
4
y2
)[
2K˜2
Q2
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− 1 +
√
1 + ǫ2
2
(
1 +
√
1 + ǫ2 − xB +
(√
1 + ǫ2 − 1 + xB 3 +
√
1 + ǫ2 − 2xB
1 +
√
1 + ǫ2
)
t
Q2
)]}
,
C++(n = 1) =
−16K
(
1− y − ǫ2
4
y2
)
(1 + ǫ2)5/2
{(
1 + (1− xB)
√
ǫ2 + 1− 1
2xB
+
ǫ2
4xB
)
xBt
Q2 −
3ǫ2
4
}
− 4K
(
2− 2y + y2 + ǫ
2
2
y2
)
1 +
√
1 + ǫ2 − ǫ2
(1 + ǫ2)5/2
{
1− (1− 3xB) tQ2
+
1−√1 + ǫ2 + 3ǫ2
1 +
√
1 + ǫ2 − ǫ2
xBt
Q2
}
,
CV++(n = 1) =
16K
(1 + ǫ2)5/2
xBt
Q2
{
(2− y)2
(
1− (1− 2xB) tQ2
)
+
(
1− y − ǫ
2
4
y2
)
1 +
√
1 + ǫ2 − 2xB
2
t′
Q2
}
,
CA++(n = 1) =
−16K
(1 + ǫ2)2
t
Q2
{(
1− y − ǫ
2
4
y2
)(
1− (1− 2xB) tQ2 +
4xB(1− xB) + ǫ2
4
√
1 + ǫ2
t′
Q2
)
− (2− y)2
(
1− xB
2
+
1 +
√
1 + ǫ2 − 2xB
4
(
1− tQ2
)
+
4xB(1− xB) + ǫ2
2
√
1 + ǫ2
t′
Q2
)}
,
C++(n = 2) =
8(2− y)
(
1− y − ǫ2
4
y2
)
(1 + ǫ2)2
{
2ǫ2√
1 + ǫ2(1 +
√
1 + ǫ2)
K˜2
Q2
+
xBt t
′
Q4
(
1− xB −
√
1 + ǫ2 − 1
2
+
ǫ2
2xB
)}
,
CV++(n = 2) =
8(2− y)
(
1− y − ǫ2
4
y2
)
(1 + ǫ2)2
xBt
Q2
{
4K˜2√
1 + ǫ2Q2 +
1 +
√
1 + ǫ2 − 2xB
2
(
1 +
t
Q2
)
t′
Q2
}
,
CA++(n = 2) =
4(2− y)
(
1− y − ǫ2
4
y2
)
(1 + ǫ2)2
t
Q2
{
4(1− 2xB)K˜2√
1 + ǫ2Q2 −
(
3−
√
1 + ǫ2 − 2xB + ǫ
2
xB
)
xBt
′
Q2
}
,
C++(n = 3) = −8K
(
1− y − ǫ
2
4
y2
) √
1 + ǫ2 − 1
(1 + ǫ2)5/2
{
(1− xB) tQ2 +
√
1 + ǫ2 − 1
2
(
1 +
t
Q2
)}
,
CV++(n = 3) = −
8K
(
1− y − ǫ2
4
y2
)
(1 + ǫ2)5/2
xBt
Q2
{√
1 + ǫ2 − 1 +
(
1 +
√
1 + ǫ2 − 2xB
) t
Q2
}
,
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CA++(n = 3) =
16K
(
1− y − ǫ2
4
y2
)
(1 + ǫ2)5/2
t t′
Q4
{
xB(1− xB) + ǫ
2
4
}
,
S++(n = 1) =
8K(2− y)y
1 + ǫ2
{
1 +
1− xB +
√
1+ǫ2−1
2
1 + ǫ2
t′
Q2
}
,
SV++(n = 1) = −
8K(2− y)y
(1 + ǫ2)2
xBt
Q2
{√
1 + ǫ2 − 1 +
(
1 +
√
1 + ǫ2 − 2xB
) t
Q2
}
,
SA++(n = 1) =
8K(2− y)y
(1 + ǫ2)
t
Q2
{
1− (1− 2xB)1 +
√
1 + ǫ2 − 2xB
2(1 + ǫ2)
t′
Q2
}
S++(n = 2) = −
4
(
1− y − ǫ2
4
y2
)
y
(1 + ǫ2)3/2
(
1 +
√
1 + ǫ2 − 2xB
)
× t
′
Q2
{
ǫ2 − xB(
√
1 + ǫ2 − 1)
1 +
√
ǫ2 + 1− 2xB
− 2xB + ǫ
2
2
√
1 + ǫ2
t′
Q2
}
,
SV++(n = 2) = −
4
(
1− y − ǫ2
4
y2
)
y
(1 + ǫ2)2
xBt
Q2
×
(
1− (1− 2xB) tQ2
){√
1 + ǫ2 − 1 +
(
1 +
√
1 + ǫ2 − 2xB
) t
Q2
}
,
SA++(n = 2) = −
8
(
1− y − ǫ2
4
y2
)
y
(1 + ǫ2)2
t t′
Q4
(
1− xB
2
+
3ǫ2
4
)
×
(
1 +
√
1 + ǫ2 − 2xB
)(
1 +
4(1− xB)xB + ǫ2
4− 2xB + 3ǫ2
t
Q2
)
.
• Longitudinal-transverse coefficients:
C0+(n = 0) =
12
√
2K(2− y)
√
1− y − ǫ2
4
y2
(1 + ǫ2)5/2
{
ǫ2 +
2− 6xB − ǫ2
3
t
Q2
}
, (B.2)
CV0+(n = 0) =
24
√
2K(2− y)
√
1− y − ǫ2
4
y2
(1 + ǫ2)5/2
xBt
Q2
{
1− (1− 2xB) tQ2
}
,
CA0+(n = 0) =
4
√
2K(2− y)
√
1− y − ǫ2
4
y2
(1 + ǫ2)5/2
t
Q2 (8− 6xB + 5ǫ
2)
{
1− tQ2
2− 12xB(1− xB)− ǫ2
8− 6xB + 5ǫ2
}
,
C0+(n = 1) =
8
√
2
√
1− y − ǫ2
4
y2
(1 + ǫ2)2
{
(2− y)2 t
′
Q2
(
1− xB +
(1− xB)xB + ǫ24√
1 + ǫ2
t′
Q2
)
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+
1− y − ǫ2
4
y2√
1 + ǫ2
(
1− (1− 2xB) tQ2
)(
ǫ2 − 2
(
1 +
ǫ2
2xB
)
xBt
Q2
)}
,
CV0+(n = 1) =
16
√
2
√
1− y − ǫ2
4
y2
(1 + ǫ2)5/2
xBt
Q2
{
K˜2(2− y)2
Q2 +
(
1− (1− 2xB) tQ2
)2(
1− y − ǫ
2
4
y2
)}
,
CA0+(n = 1) =
8
√
2
√
1− y − ǫ2
4
y2
(1 + ǫ2)5/2
t
Q2
{
K˜2
Q2 (1− 2xB)(2− y)
2
+
(
1− (1− 2xB) tQ2
)(
1− y − ǫ
2
4
y2
)(
4− 2xB + 3ǫ2 + tQ2 (4xB(1− xB) + ǫ
2)
)}
,
C0+(n = 2) = −
8
√
2K(2− y)
√
1− y − ǫ2
4
y2
(1 + ǫ2)5/2
(
1 +
ǫ2
2
){
1 +
1 + ǫ
2
2xB
1 + ǫ
2
2
xBt
Q2
}
,
CV0+(n = 2) =
8
√
2K(2− y)
√
1− y − ǫ2
4
y2
(1 + ǫ2)5/2
xBt
Q2
(
1− (1− 2xB) tQ2
)
,
CA0+(n = 2) =
8
√
2K(2− y)
√
1− y − ǫ2
4
y2
(1 + ǫ2)2
t
Q2
{
1− xB + t
′
2Q2
4xB(1− xB) + ǫ2√
1 + ǫ2
}
,
S0+(n = 1) =
8
√
2(2− y)y
√
1− y − ǫ2
4
y2
(1 + ǫ2)2
K˜2
Q2 ,
SV0+(n = 1) =
4
√
2y(2− y)
√
1− y − ǫ2
4
y2
(1 + ǫ2)2
xBt
Q2
{
4(1− xB) tQ2
(
1 +
xBt
Q2
)
+ ǫ2
(
1 +
t
Q2
)2}
,
SA0+(n = 1) = −
8
√
2y(2− y)(1− 2xB)
√
1− y − ǫ2
4
y2
(1 + ǫ2)2
tK˜2
Q4 ,
S0+(n = 2) =
8
√
2Ky
√
1− y − ǫ2
4
y2
(1 + ǫ2)2
(
1 +
ǫ2
2
){
1 +
1 + ǫ
2
2xB
1 + ǫ
2
2
xBt
Q2
}
,
SV0+(n = 2) = −
8
√
2Ky
√
1− y − ǫ2
4
y2
(1 + ǫ2)2
xBt
Q2
{
1− (1− 2xB) tQ2
}
,
SA0+(n = 2) = −
2
√
2Ky
√
1− y − ǫ2
4
y2
(1 + ǫ2)2
t
Q2
(
4− 4xB + 2ǫ2 + 2tQ2 (4xB(1− xB) + ǫ
2)
)
,
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• Transverse-transverse helicity-flip coefficients:
C−+(n = 0) =
8(2− y)
(1 + ǫ2)3/2
{
(2− y)2
√
1 + ǫ2 − 1
2(1 + ǫ2)
K˜2
Q2 (B.3)
+
1− y − ǫ2
4
y2√
1 + ǫ2
(
1− xB −
√
1 + ǫ2 − 1
2
+
ǫ2
2xB
)
xBt t
′
Q4
}
,
CV−+(n = 0) =
4(2− y)
(1 + ǫ2)5/2
xBt
Q2
{
2K˜2
Q2
(
2− 2y + y2 + ǫ
2
2
y2
)
−
(
1− (1− 2xB) tQ2
)
×
(
1− y − ǫ
2
4
y2
)(√
1 + ǫ2 − 1 +
(√
1 + ǫ2 + 1− 2xB
) t
Q2
)}
.
CA−+(n = 0) =
4(2− y)
(1 + ǫ2)2
t
Q2
{
t′
Q2
(
1− y − ǫ
2
4
y2
)(
2x2B − ǫ2 − 3xB + xB
√
1 + ǫ2
)
+
K˜2
Q2√1 + ǫ2
(
4− 2xB(2− y)2 − 4y + y2 − y2(1 + ǫ2)3/2
)}
,
C−+(n = 1) =
8K
(1 + ǫ2)3/2
{
(2− y)22−
√
1 + ǫ2
1 + ǫ2
(√
1 + ǫ2 − 1 + ǫ2
2
(
2−√1 + ǫ2)
(
1− tQ2
)
− xBtQ2
)
+ 2
1− y − ǫ2
4
y2√
1 + ǫ2
(
1−√1 + ǫ2 + ǫ2
2
2
√
1 + ǫ2
+
t
Q2
(
1− 3xB
2
+
xB +
ǫ2
2
2
√
1 + ǫ2
))}
,
CV−+(n = 1) =
8K
(1 + ǫ2)5/2
xBt
Q2
{
2
(
1− (1− 2xB) tQ2
)(
2− 2y + y2 + ǫ
2
2
y2
)
+
(
1− y − ǫ
2
4
y2
)(
3−
√
1 + ǫ2 −
(
3(1− 2xB) +
√
1 + ǫ2
) t
Q2
)}
,
CA−+(n = 1) =
4K
(1 + ǫ2)5/2
t
Q2
{(
2− 2y + y2 + ǫ
2
2
y2
)
×
(
5− 4xB + 3ǫ2 −
√
1 + ǫ2 − tQ2
(
1− ǫ2 −
√
1 + ǫ2 − 2xB(4− 4xB −
√
1 + ǫ2)
))
+
(
1− y − ǫ
2
4
y2
)
×
(
8 + 5ǫ2 − 6xB + 2xB
√
1 + ǫ2 − tQ2
(
2− ǫ2 + 2
√
1 + ǫ2 − 4xB(3− 3xB +
√
1 + ǫ2)
))}
,
C−+(n = 2) = 4(2− y)
(
1− y − ǫ
2
4
y2
)
1 +
√
1 + ǫ2
(1 + ǫ2)5/2
{
(2− 3xB) tQ2
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+(
1− 2xB + 2(1− xB)
1 +
√
1 + ǫ2
)
xBt
2
Q4 +
(
1 +
√
1 + ǫ2 + xB + (1− xB) tQ2
1 +
√
1 + ǫ2
t
Q2
)
ǫ2
}
,
CV−+(n = 2) =
4(2− y)
(
1− y − ǫ2
4
y2
)
(1 + ǫ2)5/2
xBt
Q2
{
4
K˜2
Q2 + 1 +
√
1 + ǫ2
+
t
Q2
(
(1− 2xB)
(
1− 2xB −
√
1 + ǫ2
) t
Q2 − 2 + 4xB + 2xB
√
1 + ǫ2
)}
,
CA−+(n = 2) =
16(2− y)
(
1− y − ǫ2
4
y2
)
(1 + ǫ2)3/2
t
Q2
{
K˜2
Q2
1− 2xB
1 + ǫ2
− 1− xB
4xB(1− xB) + ǫ2
(
2x2B − ǫ2 − 3xB − xB
√
1 + ǫ2
)
− t
′
Q2
2x2B − ǫ2 − 3xB − xB
√
1 + ǫ2
4
√
1 + ǫ2
}
,
C−+(n = 3) = −8K
(
1− y − ǫ
2
4
y2
)
1 +
√
1 + ǫ2 + ǫ
2
2
(1 + ǫ2)5/2
{
1 +
1 +
√
1 + ǫ2 + ǫ
2
2xB
1 +
√
1 + ǫ2 + ǫ
2
2
xBt
Q2
}
,
CV−+(n = 3) =
8K
(
1− y − ǫ2
4
y2
)
(1 + ǫ2)5/2
xBt
Q2
(
1 +
√
1 + ǫ2
){
1− tQ2
1− 2xB −
√
1 + ǫ2
1 +
√
1 + ǫ2
}
,
CA−+(n = 3) =
16K
(
1− y − ǫ2
4
y2
)
(1 + ǫ2)2
t
Q2
{
1− xB + t
′
Q2
4xB(1− xB) + ǫ2
4
√
1 + ǫ2
}
,
S−+(n = 1) =
4K(2− y)y
(1 + ǫ2)2
{
1−
√
1 + ǫ2 + 2ǫ2 − 2
(
1 +
√
1 + ǫ2 − 1
2xB
)
xBt
Q2
}
,
SV−+(n = 1) =
8Ky(2− y)
(1 + ǫ2)2
xBt
Q2
(
1 +
√
1 + ǫ2
){
1− tQ2
1− 2xB −
√
1 + ǫ2
1 +
√
1 + ǫ2
}
,
SA−+(n = 1) =
4Ky(2− y)
(1 + ǫ2)2
t
Q2
{
3 + 2ǫ2
+
√
1 + ǫ2 − 2xB − 2xB
√
1 + ǫ2 − tQ2 (1− 2xB)
(
1− 2xB −
√
1 + ǫ2
)}
,
S−+(n = 2) = 2y
(
1− y − ǫ
2
4
y2
)
1 +
√
1 + ǫ2
(1 + ǫ2)2
(
ǫ2 − 2
(
1 +
ǫ2
2xB
)
xBt
Q2
)
×
{
1 +
√
1 + ǫ2 − 1 + 2xB
1 +
√
1 + ǫ2
t
Q2
}
,
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SV−+(n = 2) =
4y
(
1− y − ǫ2
4
y2
)
(1 + ǫ2)2
xBt
Q2
×
(
1 +
√
1 + ǫ2
)(
1− (1− 2xB) tQ2
){
1− tQ2
1− 2xB −
√
1 + ǫ2
1 +
√
1 + ǫ2
}
,
SA−+(n = 2) =
2y
(
1− y − ǫ2
4
y2
)
(1 + ǫ2)2
t
Q2
(
4− 2xB + 3ǫ2 + tQ2
(
4xB(1− xB) + ǫ2
))
×
(
1 +
√
1 + ǫ2 − tQ2
(
1− 2xB −
√
1 + ǫ2
))
.
B.2 Longitudinally and transversally polarized TP+ target
The angular coefficients for longitudinally and transversally polarized TP+ parts are determined
by the expressions
δCab(n) , δC
V
ab(n) , δC
A
ab(n) , for n ∈ {0, 1, 2} ,
δSab(n) , δS
V
ab(n) , δS
A
ab(n) , for n ∈ {1, 2, 3} .
Note again, as in the previous section, these coefficients are identical with CLP,···ab (n)/λΛ and
SLP,,···ab (n)/Λ of Ref. [11] and that the third even harmonics, i.e.,
δCab(n = 3) = δC
V
ab(n = 3) = δC
A
ab(n = 3) = 0,
and the following third odd harmonics in longitudinal helicity flip CFFs
δS0b(n = 3) = δS
V
0b(n = 3) = δS
A
0b(n = 3) = 0
vanish and thus will not be presented below.
• Conserved photon-helicity coefficients:
δC++(n = 0) = −
4y
(
1 +
√
1 + ǫ2
)
(1 + ǫ2)5/2
{
(2− y)2 K˜
2
Q2 (B.4)
+
(
1− y − ǫ
2
4
y2
)(
xBt
Q2 −
(
1− tQ2
)
ǫ2
2
)(
1 +
√
1 + ǫ2 − 1 + 2xB
1 +
√
1 + ǫ2
t
Q2
)}
,
δCV++(n = 0) =
4y
(
1 +
√
1 + ǫ2
)
(1 + ǫ2)5/2
t
Q2
{
(2− y)2 1 +
√
1 + ǫ2 − 2xB
1 +
√
1 + ǫ2
K˜2
Q2 +
(
1− y − ǫ
2
4
y2
)
×
(
2− xB + 3ǫ
2
2
)(
1 +
4(1− xB)xB + ǫ2
4− 2xB + 3ǫ2
t
Q2
)(
1 +
√
1 + ǫ2 − 1 + 2xB
1 +
√
1 + ǫ2
t
Q2
)}
,
δCA++(n = 0) =
4y
(1 + ǫ2)5/2
xBt
Q2
{
2(2− y)2 K˜
2
Q2 +
(
1− y − ǫ
2
4
y2
)
(1 +
√
1 + ǫ2)
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×
(
1− (1− 2xB) tQ2
)(
1 +
√
1 + ǫ2 − 1 + 2xB
1 +
√
1 + ǫ2
t
Q2
)}
,
δC++(n = 1) = −4Ky(2− y)
(1 + ǫ2)5/2
(1 +
√
1 + ǫ2 − ǫ2)
{
1−
(
1− 2xB 2 +
√
1 + ǫ2
1 +
√
1 + ǫ2 − ǫ2
)
t
Q2
}
,
δCV++(n = 1) =
8K(2− y)y
(1 + ǫ2)2
(√
1 + ǫ2 + 2(1− xB)
) t
Q2
{
1−
1 + 1−ǫ
2√
1+ǫ2
− 2xB
(
1 + 4(1−xB)√
1+ǫ2
)
2
(√
1 + ǫ2 + 2(1− xB)
) t′Q2
}
,
δCA++(n = 1) =
16K(2− y)y
(1 + ǫ2)5/2
xBt
Q2
(
1− (1− 2xB) tQ2
)
,
δC++(n = 2) = −
4y
(
1− y − ǫ2
4
y2
)
(1 + ǫ2)5/2
(
xBt
Q2 −
(
1− tQ2
)
ǫ2
2
)
×
{
1−
√
1 + ǫ2 −
(
1 +
√
1 + ǫ2 − 2xB
) t
Q2
}
,
δCV++(n = 2) = −
2y
(
1− y − ǫ2
4
y2
)
(1 + ǫ2)5/2
(
4− 2xB + 3ǫ2
) t
Q2
(
1 +
4(1− xB)xB + ǫ2
4− 2xB + 3ǫ2
t
Q2
)
×
{√
1 + ǫ2 − 1 +
(
1 +
√
1 + ǫ2 − 2xB
) t
Q2
}
,
δCA++(n = 2) =
4y
(
1− y − ǫ2
4
y2
)
(1 + ǫ2)5/2
xBt
Q2
(
1− (1− 2xB) tQ2
)
×
{
1−
√
1 + ǫ2 −
(
1 +
√
1 + ǫ2 − 2xB
) t
Q2
}
,
δS++(n = 1) =
4K
(
2− 2y + y2 + ǫ2
2
y2
)
(1 + ǫ2)3
(1 +
√
1 + ǫ2)
{
2
√
1 + ǫ2 − 1 + 1 +
√
1 + ǫ2 − 2xB
1 +
√
1 + ǫ2
t
Q2
}
+
8K
(
1− y − ǫ2
4
y2
)
(1 + ǫ2)3
{
3ǫ2
2
+
(
1−
√
1 + ǫ2 − ǫ
2
2
− xB
(
3−
√
1 + ǫ2
)) t
Q2
}
,
δSV++(n = 1) =
8K
(
2− 2y + y2 + ǫ2
2
y2
)
(1 + ǫ2)2
t
Q2
{
1− (1− 2xB)
(
1 +
√
1 + ǫ2 − 2xB
)
2(1 + ǫ2)
t′
Q2
}
+
32K
(
1− y − ǫ2
4
y2
)
(1 + ǫ2)3
(
1− 3 +
√
1 + ǫ2
4
xB +
5ǫ2
8
)
t
Q2
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×
{
1− 1−
√
1 + ǫ2 − ǫ2
2
− 2xB
(
3(1− xB)−
√
1 + ǫ2
)
4− xB
(√
1 + ǫ2 + 3
)
+ 5ǫ
2
2
t
Q2
}
,
δSA++(n = 1) = −
8K
(
2− 2y + y2 + ǫ2
2
y2
)
(1 + ǫ2)3
xBt
Q2
{√
1 + ǫ2 − 1 + (1 +
√
1 + ǫ2 − 2xB) tQ2
}
+
8K
(
1− y − ǫ2
4
y2
)
(1 + ǫ2)3
(3 +
√
1 + ǫ2)
xBt
Q2
{
1− 3−
√
1 + ǫ2 − 6xB
3 +
√
1 + ǫ2
t
Q2
}
,
δS++(n = 2) = −
4(2 − y)
(
1− y − ǫ2
4
y2
)
(1 + ǫ2)5/2
×
{
4K˜2√
1 + ǫ2Q2 + (1 +
√
1 + ǫ2 − 2xB)
(
1 +
√
1 + ǫ2 +
xBt
Q2
)
t′
Q2
}
,
δSV++(n = 2) =
4(2− y)
(
1− y − ǫ2
4
y2
)
(1 + ǫ2)5/2
t
Q2
{
4(1− 2xB)K˜2√
1 + ǫ2Q2 −
(
3−
√
1 + ǫ2 − 2xB + ǫ
2
xB
)
xBt
′
Q2
}
,
δSA++(n = 2) =
4(2− y)
(
1− y − ǫ2
4
y2
)
(1 + ǫ2)3
xBt
Q2
{
4K˜2
Q2 −
(
1 +
√
1 + ǫ2 − 2xB
)(
1− (1− 2xB)tQ2
)
t′
Q2
}
,
δS++(n = 3) = −
4K
(
1− y − ǫ2
4
y2
)
(1 + ǫ2)3
1 +
√
1 + ǫ2 − 2xB
1 +
√
1 + ǫ2
ǫ2t′
Q2 ,
δSV++(n = 3) =
4K
(
1− y − ǫ2
4
y2
)
(1 + ǫ2)3
(
4(1− xB)xB + ǫ2
) t t′
Q4 ,
δSA++(n = 3) = −
8K
(
1− y − ǫ2
4
y2
)
(1 + ǫ2)3
(
1 +
√
1 + ǫ2 − 2xB
) xBt t′
Q4 .
• Photon helicity-flip amplitudes by one unit:
δC0+(n = 0) =
8
√
2K(1− xB)y
√
1− y − ǫ2
4
y2
(1 + ǫ2)2
t
Q2 , (B.5)
δCV0+(n = 0) =
8
√
2Ky
√
1− y − ǫ2
4
y2
(1 + ǫ2)2
t
Q2
(
xB − tQ2 (1− 2xB)
)
,
δCA0+(n = 0) = −
8
√
2Ky
√
1− y − ǫ2
4
y2
(1 + ǫ2)2
xBt
Q2
(
1 +
t
Q2
)
,
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δC0+(n = 1) = −
8
√
2y(2− y)
√
1− y − ǫ2
4
y2
(1 + ǫ2)2
K˜2
Q2 ,
δCV0+(n = 1) =
8
√
2y(2− y)
√
1− y − ǫ2
4
y2
(1 + ǫ2)2
tK˜2
Q4 ,
δCA0+(n = 1) = 0 ,
δC0+(n = 2) = −
8
√
2Ky
√
1− y − ǫ2
4
y2
(1 + ǫ2)2
(
1 +
xBt
Q2
)
,
δCV0+(n = 2) =
8
√
2Ky(1− xB)
√
1− y − ǫ2
4
y2
(1 + ǫ2)2
t
Q2 ,
δCA0+(n = 2) =
8
√
2Ky
√
1− y − ǫ2
4
y2
(1 + ǫ2)2
xBt
Q2
(
1 +
t
Q2
)
,
δS0+(n = 1) =
8
√
2
√
1− y − ǫ2
4
y2
(1 + ǫ2)5/2
{
K˜2
Q2 (2− y)
2
+
(
1 +
t
Q2
)(
1− y − ǫ
2
4
y2
)(
2
xBt
Q2 −
(
1− tQ2
)
ǫ2
)}
,
δSV0+(n = 1) = −
8
√
2
√
1− y − ǫ2
4
y2
(1 + ǫ2)5/2
t
Q2
{
K˜2
Q2 (2− y)
2
+
(
1 +
t
Q2
)(
1− y − ǫ
2
4
y2
)(
4− 2xB + 3ǫ2 + tQ2 (4xB(1− xB) + ǫ
2)
)}
,
δSA0+(n = 1) = −
16
√
2
(
1− y − ǫ2
4
y2
)3/2
(1 + ǫ2)5/2
xBt
Q2
(
1 +
t
Q2
)(
1− (1− 2xB) tQ2
)
,
δS0+(n = 2) =
8
√
2K(2− y)
√
1− y − ǫ2
4
y2
(1 + ǫ2)5/2
(
1 +
xBt
Q2
)
,
δSV0+(n = 2) = −
8
√
2K(2− y)(1− xB)
√
1− y − ǫ2
4
y2
(1 + ǫ2)5/2
t
Q2 ,
δSA0+(n = 2) = −
8
√
2K(2− y)
√
1− y − ǫ2
4
y2
(1 + ǫ2)5/2
xBt
Q2
(
1 +
t
Q2
)
.
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• Photon helicity-flip amplitudes by two units:
δC−+(n = 0) =
4y
(1 + ǫ2)5/2
{
K˜2
Q2 (2− y)
2
(
1−
√
1 + ǫ2
)
+
1
2
(
1− y − ǫ
2
4
y2
)
(B.6)
×
(
2
xBt
Q2 −
(
1− tQ2
)
ǫ2
)(
1−
√
1 + ǫ2 − tQ2
(
1− 2xB +
√
1 + ǫ2
))}
,
δCV−+(n = 0) =
2y
(1 + ǫ2)5/2
t
Q2
{
(4− 2xB + 3ǫ2)
(
1− y − ǫ
2
4
y2
)(
1 +
t
Q2
4xB(1− xB) + ǫ2
4− 2xB + 3ǫ2
)
×
(√
1 + ǫ2 − 1 + tQ2
(
1− 2xB +
√
1 + ǫ2
))
+ 2(2− y)2(
√
1 + ǫ2 − 1 + 2xB) K˜
2
Q2
}
,
δCA−+(n = 0) =
4xBy
(1 + ǫ2)5/2
t
Q2
{
2(2− y)2
(
(1− xB) tQ2
(
1 +
xBt
Q2
)
+
(
1 +
t
Q2
)2
ǫ2
4
)
−
(
1− y − ǫ
2
4
y2
)(
1− (1− 2xB) tQ2
)(
1−
√
1 + ǫ2 − tQ2 (1 +
√
1 + ǫ2 − 2xB)
)}
,
δC−+(n = 1) =
4Ky(2− y)
(1 + ǫ2)5/2
{
1− ǫ2 −
√
1 + ǫ2 − tQ2
(
1− ǫ2 −
√
1 + ǫ2 − 2xB
(
2−
√
1 + ǫ2
))}
,
δCV−+(n = 1) = −
4Ky(2− y)
(1 + ǫ2)5/2
t
Q2
{
5− 4xB + 3ǫ2 −
√
1 + ǫ2
− tQ2
(
1− ǫ2 −
√
1 + ǫ2 − 2xB(4− 4xB −
√
1 + ǫ2)
)}
,
δCA−+(n = 1) = −
16KxBy(2− y)
(1 + ǫ2)5/2
t
Q2
(
1− (1− 2xB) tQ2
)
,
δC−+(n = 2) = −
2y
(
1− y − ǫ2
4
y2
)
(1 + ǫ2)5/2
{
ǫ2
(
1 +
√
1 + ǫ2
)
− 2 tQ2
(
(1− xB)ǫ2 + xB
(
1 +
√
1 + ǫ2
))
+
t2
Q4 (2xB + ǫ
2)
(
1− 2xB −
√
1 + ǫ2
)}
,
δCV−+(n = 2) = −
2y
(
1− y − ǫ2
4
y2
)
(1 + ǫ2)5/2
t
Q2
(
4− 2xB + 3ǫ2 + tQ2 (4xB(1− xB) + ǫ
2)
)
×
(
1 +
√
1 + ǫ2 − tQ2 (1−
√
1 + ǫ2 − 2xB)
)
,
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δCA−+(n = 2) = −
4xBy
(
1− y − ǫ2
4
y2
)
(1 + ǫ2)5/2
× tQ2
(
1− (1− 2xB) tQ2
){
1 +
√
1 + ǫ2 − tQ2
(
1−
√
1 + ǫ2 − 2xB
)}
,
δS−+(n = 1) = − 4K
(1 + ǫ2)3
{
(2− y)2
(
1 + 2ǫ2 −
√
1 + ǫ2 +
t
Q2
(
1− 2xB −
√
1 + ǫ2
))
−
(
1− y − ǫ
2
4
y2
)(
2 + ǫ2 − 2
√
1 + ǫ2 +
t
Q2
(
ǫ2 − 4
√
1 + ǫ2 + 2xB(1 +
√
1 + ǫ2)
))}
,
δSV−+(n = 1) = −
4K
(1 + ǫ2)3
t
Q2
{(
2− 2y + y2 + ǫ
2
2
y2
)
×
(
3 + 2ǫ2 +
√
1 + ǫ2 − 2xB(1 +
√
1 + ǫ2)− tQ2 (1− 2xB)(1− 2xB −
√
1 + ǫ2)
)
+
(
1− y − ǫ
2
4
y2
)(
8 + 5ǫ2 − 2xB(3−
√
1 + ǫ2)
− tQ2
(
2− ǫ2 + 2
√
1 + ǫ2 − 12xB(1− xB)− 4xB
√
1 + ǫ2
))}
,
δSA−+(n = 1) = −
8K
(
2− 2y + y2 + ǫ2
2
y2
)
(1 + ǫ2)3
(1 +
√
1 + ǫ2)
xBt
Q2
(
1− tQ2
1−√1 + ǫ2 − 2xB
1 +
√
1 + ǫ2
)
−
8K
(
1− y − ǫ2
4
y2
)
(1 + ǫ2)3
xBt
Q2
{
3−
√
1 + ǫ2 − tQ2
(
3 +
√
1 + ǫ2 − 6xB
)}
,
δS−+(n = 2) = −
4(2 − y)
(
1− y − ǫ2
4
y2
)
(1 + ǫ2)3
{
t2
Q4
(
ǫ2 − 2x2B(2 +
√
1 + ǫ2) + xB(3− ǫ2 +
√
1 + ǫ2)
)
+ ǫ2
(
1 +
√
1 + ǫ2
)
+
t
Q2
(
2 + 2
√
1 + ǫ2 + ǫ2
√
1 + ǫ2 − xB
(
3− ǫ2 + 3
√
1 + ǫ2
))}
,
δSV−+(n = 2) = −
4(2 − y)
(
1− y − ǫ2
4
y2
)
(1 + ǫ2)5/2
t
Q2
{
(2− xB)(1 +
√
1 + ǫ2)
+ ǫ2 +
4K˜2(1− 2xB)
Q2√1 + ǫ2 +
t
Q2
(
ǫ2 + xB(3− 2xB +
√
1 + ǫ2)
)}
,
δSA−+(n = 2) = −
4(2 − y)
(
1− y − ǫ2
4
y2
)
(1 + ǫ2)3
xBt
Q2
{
1 + 4
K˜2
Q2
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+
√
1 + ǫ2 − 2 tQ2
(
1− 2xB − xB
√
1 + ǫ2
)
+
t2
Q4 (1− 2xB)
(
1− 2xB −
√
1 + ǫ2
)}
,
δS−+(n = 3) =
4K
(
1− y − ǫ2
4
y2
)
(1 + ǫ2)3
{
2 + ǫ2 + 2
√
1 + ǫ2 +
t
Q2
(
ǫ2 + 2xB(1 +
√
1 + ǫ2)
)}
,
δSV−+(n = 3) = −
4K
(
1− y − ǫ2
4
y2
)
(1 + ǫ2)5/2
t
Q2
{
4− 4xB + t
′
Q2
4xB(1− xB) + ǫ2√
1 + ǫ2
}
,
δSA−+(n = 3) = −
8K
(
1− y − ǫ2
4
y2
)
(1 + ǫ2)3
xBt
Q2
{
1 +
√
1 + ǫ2 − tQ2
(
1− 2xB −
√
1 + ǫ2
)}
.
C Helicity amplitudes from Tarrach tensor
Let us establish a relation of the Compton tensor parametrization introduced in Eq. (130) in terms
of CFFs and the one by Tarrach [12] (also quoted in [4]) that is used as a starting point for the
low-energy expansion relevant for generalized polarizabilities. The Tarrach’s tensor is written as
a linear superposition of independent tensor structures ρµν accompanied by f functions encoding
the structural information about the nucleon,
εµ(a)Tµνε
′∗
ν (b) =
12∑
k=1
fk u¯2R
(k)
ab u1 with R
(k)
ab = εµ(a)ρ
µν
k ε
′∗
ν (b) . (C.1)
Now we compute the helicity amplitudes for all polarization states of the photons and express
the result in terms of the Dirac structures used in the parametrization of helicity CFFs in Eqs.
(14) and (15) multiplied by the functions of the kinematical invariants. Comparing Eqs. (5) and
(13)–(15) with what we will find below, one can establish relation formulas of CFFs and f ’s. In
the following we present an overcomplete set of 3× 12 relations from which an interesting reader
can express helicity dependent CFFs in terms of f ’s or reverse.
• (1,1) helicity amplitude:
R
(1)
++ =
( 6qQǫ− iσq∆xB)
(
(1− 2xB)t−Q2 − (t +Q2)
√
1 + ǫ2
)
2 (txB + (2− xB)Q2)
√
1 + ǫ2
(C.2)
R
(2)
++ = ( 6q Qǫ− iσq∆xB)
{
txB + (2− xB)Q2
4x2B
− t
2(1− 2xB) + 2t(2− xB)Q2 −Q4
4 (txB + (2− xB)Q2)
√
1 + ǫ2
+
Q2 (2txB + t(1− xB)ǫ2 + (1− xB)Q2 (2 + ǫ2))
2x2B (txB + (2− xB)Q2)
√
1 + ǫ2
}
(C.3)
R
(3)
++ =
( 6qQǫ− iσq∆xB)Q2
2xB
{Q2 (2− xB + ǫ2) + t ((3− 2xB)xB + ǫ2)
(txB + (2− xB)Q2)
√
1 + ǫ2
+ 1
}
(C.4)
44
R
(4)
++ = − 6q
t(1− xB)√
1 + ǫ2
+ iσq∆
(1− xB)Qǫ
xB
√
1 + ǫ2
− 6q γ5 (txB + (2− xB)Q
2)
(
1 +
√
1 + ǫ2
)
2xB
√
1 + ǫ2
− γ5M (txB + (2− xB)Q
2)
(
1− 2xB −
√
1 + ǫ2
)
2xB
√
1 + ǫ2
(C.5)
R
(5)
++ = 6q
txB
4
√
1 + ǫ2
− iσq∆ Qǫ
4
√
1 + ǫ2
+ 6q γ5 txB +Q
2
(
1 +
√
1 + ǫ2
)
4
√
1 + ǫ2
+ γ5
MQ2 (1− xB −√1 + ǫ2)
4
√
1 + ǫ2
, (C.6)
R
(6)
++ = − 6q
Q (t2(2− 3xB) + (2− xB)Q4) ǫ
2 (txB + (2− xB)Q2)
√
1 + ǫ2
− iσq∆Q2 (2− xB)Q
2 (2(1− xB) + ǫ2) + txB (4− 2(3− xB)xB + ǫ2)
xB (txB + (2− xB)Q2)
√
1 + ǫ2
− 6q γ5
{
M
(
t−Q2)+ M(1 − xB) (t +Q2)√
1 + ǫ2
}
− γ5
{
(txB + (2− xB)Q2)2 +Q2 (t+ 3Q2) ǫ2
4x2B
− M
2(1− xB) (t+Q2)√
1 + ǫ2
− (txB + (2− xB)Q
2) (txB(1− 2xB) + (2− 3xB)Q2)
4x2B
√
1 + ǫ2
}
(C.7)
R
(7)
++ = 6q
txB
4
√
1 + ǫ2
− iσq∆ Qǫ
4
√
1 + ǫ2
+ 6qγ5 t
4
{
1− xB√
1 + ǫ2
− 1
}
+ γ5
MQ2
4
{
1− xB√
1 + ǫ2
− 1
}
(C.8)
R
(8)
++ = 6q
xBQ (t+Q2)2 ǫ
4 (txB + (2− xB)Q2)
√
1 + ǫ2
+ iσq∆
(1− xB)Q2 (txB +Q2)
(txB + (2− xB)Q2)
√
1 + ǫ2
+ 6qγ5Q (t +Q
2) ǫ
4
√
1 + ǫ2
+ γ5
Q2
8xB
{
txB + (2− xB)Q2 − t(1− 2xB)xB + (2− 3xB)Q
2
√
1 + ǫ2
}
(C.9)
R
(9)
++ = 6qQǫ
t2xB + 4t(1− xB)Q2 − xBQ4
4 (txB + (2− xB)Q2)
√
1 + ǫ2
− iσq∆Q2
{
(1− xB) (txB +Q2)
(txB + (2− xB)Q2)
√
1 + ǫ2
+
ǫ2
2xB
√
1 + ǫ2
}
− 6qγ5
{
M (t−Q2)
2
− M(1 − xB) (t +Q
2)
2
√
1 + ǫ2
}
− γ5Q2
{
(1− xB) (4(1− xB) (txB +Q2) + (t +Q2) ǫ2)
8x2B
√
1 + ǫ2
+
(4(1− xB) (txB +Q2) + (t+ 3Q2) ǫ2
8x2B
}
(C.10)
R
(10)
++ = 6q
xBQ (t+Q2) ǫ
(txB + (2− xB)Q2)
√
1 + ǫ2
+ iσq∆
{
t(1− 2xB)xB + (2− 3xB)Q2
(txB + (2− xB)Q2)
√
1 + ǫ2
− 1
}
+ 6qγ5 Qǫ√
1 + ǫ2
+
γ5
2
{
t +
(2− xB)Q2
xB
− t(1− 2xB)xB +Q
2 (2− 3xB + ǫ2)
xB
√
1 + ǫ2
}
(C.11)
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R
(11)
++ = 6q
txB√
1 + ǫ2
− iσq∆ Qǫ√
1 + ǫ2
+ 6q γ5 txB +Q
2
(
1 +
√
1 + ǫ2
)
√
1 + ǫ2
+ γ5Qǫt
(
1− 2xB −
√
1 + ǫ2
)−Q2 (xB + 2√1 + ǫ2)
2xB
√
1 + ǫ2
(C.12)
R
(12)
++ = 6q
xBQ (t +Q2)2 ǫ
4 (txB + (2− xB)Q2)
√
1 + ǫ2
+ iσq∆
(1− xB)Q2 (txB +Q2)
(txB + (2− xB)Q2)
√
1 + ǫ2
+ 6q γ5Q (t +Q
2) ǫ
4
√
1 + ǫ2
− γ5Q
2
8
{
t+Q2 + Q
2 (4− 3xB + ǫ2) + t ((3− 2xB)xB + ǫ2)√
1 + ǫ2
}
. (C.13)
• (0,1) helicity amplitude:
R
(1)
0+ =
√
2( 6qQǫ− iσq∆xB)K˜Q
(txB + (2− xB)Q2)
√
1 + ǫ2
(C.14)
R
(2)
0+ = −
( 6qQǫ− iσq∆xB)K˜Q (tx2B −Q2 ((2− xB)xB + 2ǫ2))√
2x2B (txB + (2− xB)Q2)
√
1 + ǫ2
(C.15)
R
(3)
0+ = −
√
2( 6qQǫ− iσq∆xB)K˜(1− xB)Q3
xB (txB + (2− xB)Q2)
√
1 + ǫ2
(C.16)
R
(4)
0+ = ( 6q txB − iσq∆Qǫ)
Q2 (2− xB + ǫ2) + t ((3− 2xB)xB + ǫ2)√
2K˜xBQ
√
1 + ǫ2
+ 6q γ5
√
2K˜ (txB + (2− xB)Q2)
xBQ
√
1 + ǫ2
+ ( 6q γ5t+ γ5MQ2)ǫ (txB + (2− xB)Q
2) (t (4(1− xB)xB + ǫ2) +Q2 (4− 2xB + 3ǫ2))
4
√
2MK˜x2BQ2
√
1 + ǫ2
(C.17)
R
(5)
0+ = ( 6q txB − iσq∆Qǫ)
t(1 − 2xB)−Q2
4
√
2K˜Q√1 + ǫ2
− 6q γ5 K˜Q√
2
√
1 + ǫ2
− ( 6q γ5t + γ5MQ2)Q
2 (2− xB + ǫ2) + t ((3− 2xB)xB + ǫ2)
4
√
2K˜Q√1 + ǫ2
(C.18)
R
(6)
0+ = − 6q
√
2K˜Q2 ((2− xB)Q2 + t (xB(5− 2xB) + 2ǫ2))
(txB + (2− xB)Q2) ǫ
√
1 + ǫ2
− ( 6q txB − iσq∆Qǫ)
{√
2t(1− xB) (2(2− xB) (txB +Q2) + (t+Q2) ǫ2)
K˜ǫ (txB + (2− xB)Q2)
√
1 + ǫ2
+
2(1− xB) (txB +Q2) + (t+Q2) ǫ2√
2K˜xBǫ
√
1 + ǫ2
}
− 6q γ5
√
2K˜ (t2x2B +Q4 (2− xB + ǫ2) + tQ2 ((3− xB)xB + ǫ2))
xBQ2ǫ
√
1 + ǫ2
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+ ( 6q γ5t+ γ5MQ2)
{
K˜Qǫ2√
2Mx2B
√
1 + ǫ2
− (txB + (2− xB)Q)
[
(1− xB) (txB +Q2)2√
2MK˜x2BQ3
√
1 + ǫ2
+
(t2xB + t(1 + 2xB)Q2 + (3− xB)Q4) ǫ2
4
√
2MK˜x2BQ3
√
1 + ǫ2
]}
(C.19)
R
(7)
0+ = ( 6q txB − iσq∆Qǫ)
t(1 − 2xB)−Q2
4
√
2K˜Q√1 + ǫ2
− ( 6q γ5t+ γ5MQ2) Q2 (2− xB + ǫ2) + t ((3− 2xB)xB + ǫ2)
4
√
2K˜Q√1 + ǫ2
(C.20)
R
(8)
0+ = − 6q
K˜xBQ2 (t(1− 2xB)−Q2)√
2 (txB + (2− xB)Q2) ǫ
√
1 + ǫ2
− ( 6q txB − iσq∆Qǫ)(1− xB) (txB +Q
2) (t(1− 2xB)−Q2)√
2K˜ǫ (txB + (2− xB)Q2)
√
1 + ǫ2
+ 6q γ5 K˜ (txB +Q
2)√
2ǫ
√
1 + ǫ2
+ ( 6q γ5t+ γ5MQ2)4(1− xB) (txB +Q
2)
2
+ (t +Q2) (txB + (2− xB)Q2) ǫ2
8
√
2MK˜xBQ
√
1 + ǫ2
(C.21)
R
(9)
0+ = 6q K˜Q2
txB(1− 2xB)−Q2 (xB − 2 (1 + ǫ2))√
2 (txB + (2− xB)Q2) ǫ
√
1 + ǫ2
+ ( 6q txB − iσq∆Qǫ)
{
2(1− xB) (txB +Q2) + (t+Q2) ǫ2
2
√
2K˜xBǫ
√
1 + ǫ2
− (txB +Q
2) (2t(1− xB)xB + (t+Q2) ǫ2)√
2K˜ǫ (txB + (2− xB)Q2)
√
1 + ǫ2
}
+ 6q γ5 K˜ (Q
2 (2− xB + ǫ2) + t ((3− 2xB)xB + ǫ2))√
2xBǫ
√
1 + ǫ2
+ ( 6q γ5t+ γ5MQ2)4(1− xB) (txB +Q
2) + (t+Q2) ǫ2
8
√
2MK˜x2BQ
√
1 + ǫ2
{
Q2 (2− xB + ǫ2)
+ t
(
xB(3− 2xB) + ǫ2
)}
(C.22)
R
(10)
0+ = 6q
2
√
2K˜xB (txB +Q2)
(txB + (2− xB)Q2) ǫ
√
1 + ǫ2
+ ( 6q txB − iσq∆Qǫ)
{
2
√
2(1− xB) (txB +Q2)2
K˜Q2ǫ (txB + (2− xB)Q2)
√
1 + ǫ2
+
(t +Q2) ǫ√
2K˜Q2√1 + ǫ2
}
+ 6q γ52
√
2K˜ (txB +Q2)
Q2ǫ√1 + ǫ2
+ ( 6q γ5t+ γ5MQ2)4(1− xB) (txB +Q
2)
2
+ (t2xB + t(1 + 2xB)Q2 + (3− xB)Q4) ǫ2
2
√
2MK˜xBQ3
√
1 + ǫ2
(C.23)
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R
(11)
0+ = ( 6q txB − iσq∆Qǫ)
t(1 − 2xB)−Q2√
2K˜Q√1 + ǫ2
− 6q γ52
√
2K˜ (t+Q2)
Q√1 + ǫ2
− ( 6q γ5t + γ5MQ2)ǫ
{
2Q2 (2t+Q2) + (t+Q2) (t + 2Q2) ǫ2
2
√
2MK˜xBQ2
√
1 + ǫ2
− txB (2t+Q
2)√
2MK˜Q2√1 + ǫ2
+
4t2 − tQ2 −Q4
2
√
2MK˜Q2√1 + ǫ2
}
(C.24)
R
(12)
0+ = − 6q
K˜Q2 (t(1− 2xB)xB +Q2 (2− xB + 2ǫ2))√
2 (txB + (2− xB)Q2) ǫ
√
1 + ǫ2
− ( 6q txB − iσq∆Qǫ)(1− xB) (txB +Q
2) (t(1− 2xB)xB +Q2 (2− xB + 2ǫ2))√
2K˜xBǫ (txB + (2− xB)Q2)
√
1 + ǫ2
− 6q γ5K˜ t(1− xB)xB −Q
2 (xB − 2 (1 + ǫ2))√
2xBǫ
√
1 + ǫ2
− ( 6q γ5t + γ5MQ2)
{
t2x2B
2
√
2MK˜Q√1 + ǫ2
+
t2 (4− ǫ2) +Q4 (4 + ǫ2)− 4tQ2 (5 + 2ǫ2)
8
√
2MK˜Q√1 + ǫ2
+
Q√1 + ǫ2 (tǫ2 +Q2 (4 + ǫ2))
4
√
2MK˜x2B
+
(t−Q2) (t (ǫ2 − 8x2B) + 3Q2 (4 + 3ǫ2))
8
√
2MK˜xBQ
√
1 + ǫ2
}
(C.25)
• (-1,1) helicity amplitude:
R
(1)
−+ = ( 6q ǫQ− iσq∆xB)
t− 2txB −Q2 + (t+Q2)
√
1 + ǫ2
2(txB + (2− xB)Q2)
√
1 + ǫ2
(C.26)
R
(2)
−+ =
6q Qǫ− iσq∆xB
2x2B
{
(1− xB)Q2 (t +Q2) ǫ2
(txB + (2− xB)Q2)
√
1 + ǫ2
− (txB + (2− xB)Q
2)(1 +
√
1 + ǫ2)
2
√
1 + ǫ2
+
(txB +Q2) (tx2B + (2− xB)2Q2)
(txB + (2− xB)Q2)
√
1 + ǫ2
}
(C.27)
R
(3)
−+ =
( 6q ǫQ− iσq∆xB)Q2
2xB
{
Q2 (2− xB + ǫ2) + t ((3− 2xB)xB + ǫ2)
(txB + (2− xB)Q2)
√
1 + ǫ2
− 1
}
(C.28)
R
(4)
−+ = − 6q
t(1− xB)√
1 + ǫ2
+ iσq∆
2M(1− xB)√
1 + ǫ2
− 6q γ5 (txB + (2− xB)Q
2)
(
1−√1 + ǫ2)
2xB
√
1 + ǫ2
− γ5M (txB + (2− xB)Q
2)
(
1− 2xB +
√
1 + ǫ2
)
2xB
√
1 + ǫ2
(C.29)
R
(5)
−+ = 6q
txB
4
√
1 + ǫ2
− iσq∆ Qǫ
4
√
1 + ǫ2
+ 6q γ5 txB +Q
2
(
1−√1 + ǫ2)
4
√
1 + ǫ2
+ γ5
MQ2 (1− xB +√1 + ǫ2)
4
√
1 + ǫ2
(C.30)
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R
(6)
−+ = − 6q MxB
t2(2− 3xB) + (2− xB)Q4
(txB + (2− xB)Q2)
√
1 + ǫ2
− iσq∆√
1 + ǫ2
{
4M2xB +
2(2− xB)(1− xB)Q2 (txB +Q2)
xB (txB + (2− xB)Q2)
}
− 6q γ5M
{
(1− xB) (t+Q2)√
1 + ǫ2
− (t−Q2)} + γ5{(txB + (2− xB)Q2)2
4x2B
+M2
(
t+ 3Q2)
+
M2(1− xB) (t +Q2)√
1 + ǫ2
+
(txB + (2− xB)Q2) (txB(1− 2xB) + (2− 3xB)Q2)
4x2B
√
1 + ǫ2
}
(C.31)
R
(7)
−+ =
6q txB − iσq∆Qǫ
4
√
1 + ǫ2
+
(6q γ5t + γ5MQ2) 1− xB +√1 + ǫ2
4
√
1 + ǫ2
(C.32)
R
(8)
−+ = 6q
xBQ (t +Q2)2 ǫ
4 (txB + (2− xB)Q2)
√
1 + ǫ2
+ iσq∆
(1− xB)Q2 (txB +Q2)
(txB + (2− xB)Q2)
√
1 + ǫ2
+ 6q γ5Q (t+Q
2) ǫ
4
√
1 + ǫ2
− γ5 Q
2
8xB
{
txB + (2− xB)Q2 + txB(1− 2xB) + (2− 3xB)Q
2
√
1 + ǫ2
}
(C.33)
R
(9)
−+ = 6q
ǫQ (t2xB + 4t(1− xB)Q2 − xBQ4)
4 (txB + (2− xB)Q2)
√
1 + ǫ2
− iσq∆Q22(1− xB)xB (txB +Q
2) + (txB + (2− xB)Q2) ǫ2
2xB (txB + (2− xB)Q2)
√
1 + ǫ2
+ 6q γ5M
2
{
t−Q2 + (1− xB)(t+Q
2)√
1 + ǫ2
}
− γ5 Q
2
8x2B
{
(1− xB) (4(1− xB) (txB +Q2) + (t+Q2) ǫ2)√
1 + ǫ2
− (4(1− xB) (txB +Q2)+ (t+ 3Q2) ǫ2)} (C.34)
R
(10)
−+ = 6q
xBQ (t +Q2) ǫ
(txB + (2− xB)Q2)
√
1 + ǫ2
+ iσq∆
{
1 +
t(1− 2xB)xB + (2− 3xB)Q2
(txB + (2− xB)Q2)
√
1 + ǫ2
}
+ 6q γ5 Qǫ√
1 + ǫ2
− γ
5
2
{
t +
(2− xB)Q2
xB
+
t(1− 2xB)xB +Q2 (2− 3xB + ǫ2)
xB
√
1 + ǫ2
}
(C.35)
R
(11)
−+ = 6q
txB√
1 + ǫ2
− iσq∆ Qǫ√
1 + ǫ2
+ 6q γ5 txB +Q
2
(
1−√1 + ǫ2)√
1 + ǫ2
+ γ5M
{
t + 2Q2 + t− 2txB − xBQ
2
√
1 + ǫ2
}
(C.36)
R
(12)
−+ = 6q
xBQ (t +Q2)2 ǫ
4 (txB + (2− xB)Q2)
√
1 + ǫ2
+ iσq∆
(1− xB)Q2 (txB +Q2)
(txB + (2− xB)Q2)
√
1 + ǫ2
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+ 6q γ5Q (t+Q
2) ǫ
4
√
1 + ǫ2
+ γ5
Q2
8
{
t+Q2 − Q
2 (4− 3xB + ǫ2) + t ((3− 2xB)xB + ǫ2)
xB
√
1 + ǫ2
}
. (C.37)
D Low Energy Expansion: CFFs and Tarrach fs
For the low energy expansion we adopt the momenta in the center-of-mass frame as defined in
Ref. [4]:
q1 = (
√
ω′2 +M2 + ω′ −
√
q¯2 +M2, 0, 0, q¯) (D.1)
q2 = (ω
′, ω′ sin ϑ, 0, ω′ cosϑ) (D.2)
p1 =
(√
q¯2 +M2, 0, 0,−q¯) ,
p2 = (
√
ω′2 +M2,−ω′ sinϑ, 0,−ω′ cos ϑ) . (D.3)
D.1 Low energy expansions as functions of fi
Here we quote our results for the leading term in the low-energy expansion for the helicity
CFFs in terms of Tarrach’s structure functions (C.1). We will keep only the leading Non-Born
contributions, i.e., linear in ω′, and neglect all subleading O(ω′) effects.
• (+1,+1) helicity amplitude:
H++ = ω
′M
2q¯
{
4q¯2(f10 +Mq¯f3) + ω0
[
8Mf10 + q¯
2
(
4f11 + f5 + f7 − 4M(f3 − 2f6 − f9)
)]
− 2q¯(q¯ − ω0)f1 − q¯
[
ω0
(
4f10 + ω0(4f11 + f5 + f7 + 8Mf6 + 4Mf9)
)
− 2(q¯ − ω0)(2Mq¯f3 − f1)
]
cos ϑ
}
, (D.4)
E++ = ω
′M
q¯
{
q¯
[
(q¯ − ω0)f1 −Mq¯(4f11 + f5 + f7 + 8Mf6 + 4Mf9 + 2q¯f3 − 2ω0f3)
]
− 2
[
q¯(q¯ − ω0) + 2M(q¯ + ω0)
]
f10 + q¯
[
(q¯ − ω0)f1 − 2q¯(Mq¯f3 + f10)
+ ω0
(
2f10 +M(4f11 + f5 + f7 + 8Mf6 + 4Mf9 + 2q¯f3)
)]
cosϑ
}
, (D.5)
H˜++ = ω
′M(ω0 cosϑ− q¯)
2
{
4f10 + q¯
(
4f11 + f5 + f7 + 8Mf6 + 4Mf9
)}
, (D.6)
E˜++ = ω
′M2(ω0 − 2M − q¯ cosϑ)
q¯
{
4f10 + q¯
(
4f11 + f5 + f7 + 8Mf6 + 4Mf9
)}
. (D.7)
• (0,+1) helicity amplitude:
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H0+ = −ω
′√−Mω0
2q
{[
q
[
4Mq2f12 + ω0
(
4f10 + ω0(4f11 + f5 + f7)
)]
cos θ − 2q2[4(M − ω0)f4
+ ω0(4f11 + f5 + f7 + 4Mf12)
]− 4 (q2 + ω20) f10] cot θ + qsin θ
[
q2(4f11 − 8f4 + f5 + f7)
+ 4ω0(f10 +Mω0f12)
]
+ 4q sin θ
[
q2f4 +M
(
f1 + 4M
2f2 − 2Mω0(f2 + 2f6 + f9)
)]}
,
(D.8)
E0+ = −ω
′M
√−Mω0
q
{[
2q2 (4f11 + f5 + f7)− 8M
(
f10 + 2Mf4 − q2f12
)
+ 8ω0(f10 + 3Mf4)
− 8ω20f4 − qω0 cos θ (f5 + f7)
]
cot θ − q
sin θ
[
8f10 − 2M
(
4f11 − 8f4 + f5 + f7 + 4Mf12
)
+ ω0
(
8f11 − 8f4 + f5 + f7 + 8Mf12
)]
+ 2q sin θ
[
2ω0
(
f11 − f4 +M(f2 + 2f6 + f9)
)
− f1 + 2f10 + 4Mf4 − 4M2f2
]}
, (D.9)
H˜0+ = − ω
′M
2
√−Mω0
{
q2
sin θ
[
4f10 + (8M − 6ω0)f4 + ω0(4f11 + f5 + f7 + 4Mf12)− 2ω0 cos 2θf4
]
−
[
q3
(
4f11 − 8f4 + f5 + f7 + 4Mf12
)
+ 8qω0f10 + qω
2
0
(
4f11 + f5 + f7 + 4Mf12
)
− ω0
(
q2(4f11 + f5 + f7 + 4Mf12) + 4ω0f10
)
cos θ
]
cot θ
}
, (D.10)
E˜0+ = −ω
′M2(q − ω0 cos θ)
sin θ
√−Mω0
{[
q2
(
4f11 − 4f4 + f5 + f7 + 4Mf12
)
+ 4ω0f10
]
cos θ
− q
[
4f10 +
(
8M − 4ω0
)
f4 + ω0
(
4f11 + f5 + f7 + 4Mf12
)]}
. (D.11)
• (−1,+1) helicity amplitude:
H−+ = ω
′M
2q¯
{
4
(
q¯2 + 2Mω0
)
f10 + q¯
2
[
ω0(4f11 + f5 + f7 + 8Mf6 + 4Mf9)− 4M(q¯ + ω0)f3
]
− 2q¯(q¯ + ω0)f1 − q¯ cosϑ
[
q¯2
(
4f11 + f5 + f7 − 4M(f3 − 2f6 − f9)
)
+ 4ω0f10
+ 2Mω0(4f11 + f5 + f7 + 8Mf6 + 4Mf9 − 2q¯f3)− 2(q¯ + ω0)f1
]}
, (D.12)
E−+ = ω
′M
q¯
{
2
(
2M(q¯ − ω0)− q¯(q¯ + ω0)
)
f10 + q¯
[
(q¯ + ω0)f1 −Mq¯
(
4f11 + f7 + 4M(2f6 + f9)
+ f5 − 2(q¯ + ω0)f3
)]
+ q¯
[
Mω0(4f11 + f5 + f7 + 8Mf6 + 4Mf9 − 2q¯f3)− 2Mq¯2f3
+ (q¯ + ω0)(2f10 − f1)
]
cosϑ
}
, (D.13)
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H˜−+ = ω
′M
2
{
q¯
(
4f11 + f5 + f7 + 8Mf6 + 4Mf9
)− 4f10}(q¯ − ω0 cosϑ) , (D.14)
E˜−+ = ω
′M2
q¯
{
q¯
(
4f11 + f5 + f7 + 8Mf6 + 4Mf9
)− 4f10}(2M − ω0 + q¯ cos ϑ) . (D.15)
E Born term for Compton scattering off nucleon
In this Appendix, we list our results for the computation of the helicity CFFs in the Born
approximation using the target rest frame. These will be extracted from Eq. (5) where the
covariant Compton amplitude is replaced by its Born approximation,
T Bornab = (−1)a−1εµ1(a) TBornµν εν ∗2 (b) , (E.1)
making use of the definitions given in Eqs. (13)–(15) and (136). The r.h.s. can be decomposed
into a sum of four terms that differ by the form factor products accompanying them, i.e.,
eNF1(−q21) , eNF2(−q21) , κNF1(−q21) , and κNF2(−q21) ,
where we set eN = F1(0) and κN = F2(0) and use in the following also the nucleon magnetic
moment µN = eN + κN . We find (suppressing superscript Born)
H+b = −
(
1 + b
√
1 + ǫ2
) (
2− xB + xBtQ2
)2
4
√
1 + ǫ2(1− xB)
(
1 + xBtQ2
) eNF1 − b x2B (1 + tQ2)2
4(1− xB)
(
1 + xBtQ2
) [κNF1 + µNF2] (E.2)
− eN x
2
B
(
1 + tQ2
)
2
√
1 + ǫ2
(
1 + xBtQ2
) {4M2Q2 F1 −
(
2− xB + xBtQ2
)
t
Q2 [F1 + F2](
1 + tQ2
)
(1− xB)
+
xB
(
1 + tQ2
)
F2
2(1− xB)
}
,
E+b = −b [κNF1 + µNF2]− eN ǫ
2
2
√
1 + ǫ2
{
2xB F2
ǫ2
−
(
1 + tQ2
)
F1
1 + xBtQ2
+
(
2− xB + xBtQ2
)
[F1 + F2]
(1− xB)
(
1 + xBtQ2
) } ,
(E.3)
H˜+b = −
(
1 + b
√
1 + ǫ2
)
xB
(
2− xB + xBtQ2
)
2
√
1 + ǫ2
[
κNF2
ǫ2
+
(
1− tQ2
)
eN [F1 + F2]
2(1− xB)
(
1 + xBtQ2
) ]− xB
4
√
1 + ǫ2
× 2− xB +
xBt
Q2
(1− xB)
(
1 + xBtQ2
) {µN [(2− xB)F2 + xBtQ2 [2F1 + F2]
]
+
(
1− tQ2
)
[κNF1 − eNF2]
}
,
(E.4)
E˜+b =
(
1 + b
√
1 + ǫ2
) (
2− xB + xBtQ2
)
2
√
1 + ǫ2
[
κN [2F1 + F2]
xB
− ǫ
2
(
3 + tQ2
)
eN [F1 + F2]
2xB(1− xB)
(
1 + xBtQ2
) ]
− 2− xB +
xBt
Q2
xB
√
1 + ǫ2
{eN(1− xB)F2 + κN [F1 + F2]}+
ǫ2
(
2− xB + xBtQ2
)
4xB
√
1 + ǫ2(1− xB)
(
1 + xBtQ2
)
×
{
eN
(
3 +
t
Q2
)
[F1 + F2]− µN
(
1 +
xBt
Q2
)
[F1 + F2] + µN(1− xB)
[
tF1
Q2 − F2
]}
,
(E.5)
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H0+ =
√
2K˜xB
Q√1 + ǫ2 eN
{
2− xB − xBtQ2 + 8xBM
2
Q2
2(1− xB)
(
1 + xBtQ2
) [F1 − Q2
4xBM2
F2
]
+
1− t
4M2
1 + xBtQ2
F2
}
− t E0+
4M2
, (E.6)
E0+ = (−1)
√
2K˜
Q√1 + ǫ2
eN [ǫ
2F1 − x2BF2]
(1− xB)
(
1 + xBtQ2
) +
(
1 + (1−xB)Q
2
Q2+xBt
)
Q
√
2K˜
√
1 + ǫ2
[
1 +
xBt
Q2 +
ǫ2
(
1 + tQ2
)
2
]
eNF2 ,
(E.7)
H˜0+ =
√
2K˜xB
(
2− xB + xBtQ2
)
Q√1 + ǫ2
eNF2ǫ2 −
(
1 + tQ2
)
µN
[
F1 − Q24xBM2F2
]
2(1− xB)
(
1 + xBtQ2
)
− t E˜0+4M2 , (E.8)
E˜0+ = (−1)
√
2K˜
Q√1 + ǫ2
(
2− xB + xBtQ2
)
4xBM
2
Q2
2(1− xB)
(
1 + xBtQ2
) µN [F1 − Q2
4xBM2
F2
]
−
(
2− xB + xBtQ2
)Q
2
√
2K˜xB
√
1 + ǫ2
[
4− 2xB + 3ǫ2 +
(
4(1− xB)xB + ǫ2
) t
Q2
]
eNF2 . (E.9)
Notice that in the longitudinal helicity-flip CFFs a spurious kinematical 1/K˜ singularity appears,
which cancels, however, in electric-like combinations introduced in Eq. (110). Hence, the Born
result is well defined for any value of kinematical variables, except for the elastic poles at s = M2
(xB = 1) and u =M
2 (xB = −Q2/t).
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